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Abstract—MIMO-based communications have great potential
to improve network capacity for wireless ad hoc networks.
Although there has been significant progress on MIMO at
the physical layer or single-hop communication over the years,
advances in the theory of MIMO for multi-hop ad hoc networks
remain limited. This stagnation is mainly due to the lack of an
accurate and more important, analytically tractable model that
can be used by networking researchers. In this paper, we propose
such a model to enable the networking community to carry out
cross-layer research for multi-hop MIMO ad hoc networks. In
particular, at the physical layer, we develop a simple model for
MIMO link capacity computation that captures the essence of
spatial multiplexing and transmit power limit without involving
complex matrix operations and the water-filling algorithm. We
show that the approximation gap in this model is negligible.
At the link layer, we devise a space-time scheduling scheme
called SUCCINCT that significantly advances the existing zero-
forcing beamforming (ZFBF) to handle interference in a multi-
hop network setting. The proposed SUCCINCT scheme employs
simple numeric computation on matrix dimensions to simplify
ZFBF in a multi-hop ad hoc network. As a result, we can
characterize link layer scheduling behavior without entangling
with beamforming details. Finally, we apply both our physical
and link layer models in cross-layer performance optimization
for a multi-hop MIMO ad hoc network.

I. INTRODUCTION

Since its inception [5], [21], MIMO has been widely
accepted as a key technology to increase wireless capacity.
Researchers have shown that by employing multiple antennas
on the transmitting and receiving nodes, wireless channel
capacity can scale almost linearly with the number of antennas.
Such capability is the driving force for the wide deployment of
MIMO in wireless LAN (802.11n), WiMAX access networks
(802.16), 4G cellular networks (LTE), etc.

Although there has been extensive studies on MIMO at the
physical layer for point-to-point and cellular communications
over the past decade (see, e.g., [2] for an overview), fun-
damental understanding and results on MIMO in multi-hop
ad hoc networks remain limited, particularly from a cross-
layer perspective. This stagnation is mainly due to the lack
of an accurate and more importantly, tractable model that
is amenable for analysis by networking researchers. Tradi-
tional signal processing and channel models for MIMO in
communications research are clogged with complex matrix
representations and operations, rendering enormous challenges
for multi-hop ad hoc network optimizations. Due to these
challenges, most efforts on multi-hop MIMO ad hoc networks

to date [1], [4], [8], [10], [12], [15]-[17], [20] fall into the
following two approaches.

The first approach is to formulate the problems by faithfully
incorporating the MIMO channel and signal models without
any loss of accuracy. However, the problem formulation under
this approach is likely to become intractable due to the heavy
burden from the underlying models. For example, Kim et al.
studied a maxmin optimization problem in [12] for multi-hop
MIMO backhaul networks where they formulated a nonlinear
optimization problem to maximize the fair throughput of the
access points in the network under the routing, MAC, and
physical layer constraints. The physical layer in [12] is based
on minimum mean square error (MMSE) beamforming. In
[4], Chu and Wang also studied cross-layer algorithms for
MIMO ad hoc networks where MMSE sequential interference
cancelation technique (MMSE-SIC) is employed at the phys-
ical layer to maximize signal to interference and noise ratio
(SINR). Due to the complex MMSE mechanics, the cross-layer
optimization problems in [12] and [4] are intractable and the
authors had to resort to heuristic algorithms.

The second approach is to simplify MIMO physical layer
behavior so that tractable analysis can be developed for
networking research. Although such approach is attractive,
the problem with existing models under this approach suffer
from “over simplification.” That is, existing simple models
ignore many important characteristics of MIMO for cross-
layer design opportunities and thus lead to results far from
MIMO’s achievable performance. In [1], [8], a simplified
MIMO cross-layer model was employed to study different
throughput optimization problems. By using this model, the
network throughput performance can be characterized simply
by counting the number of degrees of freedom (DoF) in
the network. However, this model does not consider transmit
power constraint and power allocation at each node in the
network. Also, although some ideas of zero-forcing beam-
forming (ZFBF) were employed to handle interference, the
proposed interference cancelation scheme at the link layer was
not designed appropriately, resulting in an unnecessary small
DoF region and inferior throughput performance. Also, in [10],
[15]-[17], [20], various studies on MAC designs and routing
schemes are given based on very simple MIMO models that
do not fully exploit MIMO physical capabilities.

The goal of this paper is to achieve the best of both ap-
proaches while avoiding their pitfalls. We want to construct a
model for MIMO that is both tractable and accurate for cross-



layer optimization. Our main contributions are as follows.

o At the physical layer, we devise a simple model for com-
puting MIMO channel capacity. This model captures the
essence of both spatial multiplexing and transmit power
constraint. More importantly, this model does not re-
quire complex matrices computation and the complicated
water-filling process (which does not admit a close-form
solution). We show that the gap between our proposed
model and the exact capacity model is negligible.

o At the link layer, we construct a model that takes into
account the interference nulling/supression by exploit-
ing ZFBF. More specifically, we propose a space-time
scheduling scheme called SUCCINCT (abbreviation of
successive interference cancelation). The proposed SUC-
CINCT employs simple numeric computation on matrix
dimensions to simplify ZFBF in a multi-hop ad hoc
network. Moreover, by carefully arranging the cancelation
order among the nodes, SUCCINCT does not waste
unnecessary DoF resources on interference mitigation,
thus offering superior throughput performance than those
in [1], [8].

e As an application, we use the proposed new models
to study cross-layer utility maximization problems for
MIMO ad hoc networks. We show that the resulting
optimization problems no longer involve complex ma-
trix variables and operations. Further, the formulated
problems share a lot of similarities with those cross-
layer optimization problems under single-antenna ad hoc
networks, which have been actively studied in recent
years. This suggests that new solutions to MIMO ad
hoc networks may be developed by drawing upon the
experiences gained for single-antenna ad hoc networks.

The remainder of this paper is organized as follows. Sec-

tion II presents a new channel capacity model for MIMO at
the physical layer. Section III presents a new link layer model
called SUCCINCT. In Section IV, as an application of our
new models, we study a cross-layer optimization problem in
a multi-hop MIMO ad hoc network. Section V concludes this

paper.

II. A MODEL FOR PHYSICAL LAYER CAPACITY
COMPUTATION

From networking research perspective, the most important
aspect of physical layer modeling for MIMO is its channel ca-
pacity computation. In Section II-A, we first give background
on MIMO channel capacity computation and analyze why it
is difficult to work with for networking research. Then, in
Section II-B, we propose a new model for MIMO channel
capacity that is both simple and accurate.

Before proceeding to the details of our proposed MIMO ad
hoc network modeling, we first summarize all the key notation
that appear in this and the subsequent sections in Table I.

A. Why Existing Physical Model for MIMO is Difficult to Use?

The channel of a MIMO link [ is characterized by a matrix
H;, as shown in Fig. 1. Communication over such a MIMO

TABLE I
NOTATION.
t() The transmitting node of link .
r(l) The receiving node of link I.
H A MIMO matrix channel.

H; A MIMO matrix channel for link 3.

H,; A MIMO matrix channel from ¢(z) to r(j).
T, Transmitting beamforming matrix for node n.
R, Receiving beamforming matrix for node n.
gn (t) Node n’s transmission status in time slot ¢.
hn(t) Node n’s reception status in time slot ¢.
An The number of antennas at node n.
N The set of nodes in the network.
L The set of links in the network.
N The number of nodes in the network.
L The number of links in the network.
LS‘” The set of links originating from node n.
LI The set of links coming into node n.

In The set of nodes within the interference range of node n.

Tmn(t) | The ordering relationship between nodes m and n in time ¢.
21 (t) The number of data streams on link ! during time slot ¢.
C The DoF region of a ZFBF-based scheduling scheme.
rl(f) The amount of flow of session f on link [.
Ty The end-to-end session rate of session f.

src(
dst(
i

(

[&2]

i) The source node of session f.

i) The destination node of session f.

t) The capacity of link { during time slot ¢.

t) The power allocated on link [ during time slot ¢.

n, antennas

ny antennas

Transmitting Node Receiving Node

Fig. 1. A MIMO channel illustration.

channel with n; transmit antennas and n,. receive antennas can
be described by

yi = VooHix +ny, (D

where x;, y; and n; denote the vectors of transmitted signal,
received signal, and white Gaussian noise with unit variance,
respectively.

In (1), p; represents the received SNR of the channel,
ag € [0, 1] represents the fraction of the transmit power that is
assigned to link ! (in the case when the source of link [ also
transmits on other links). As we shall see later in Section IV,
oy is useful to model the power allocation at each node if
multi-path routing is employed in the network. For the single
link case in Fig. 1, we have oy = 1.

The channel gain matrix H; is typically assumed to be a
complex random matrix with each of its entries being i.i.d.
Gaussian distributed [23] with zero mean and unit variance.

To compute MIMO channel capacity, one needs to diag-
onalize H; so that the channel is transformed into a set
of parallel spatial channels. More specifically, by singular
value decomposition (SVD), the channel model in (1) can be
transformed as y; = \/MUlAZVZTXZ +n;, where U; and V;,
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Fig. 2. The equivalent parallel scalar channels after transformation.

are unitary matrices, A; is a diagonal matrix with the singular
values of H; on its main diagonal. By letting X; = V;xl,
y = U;yl, and n; = U;fnl, the channel model can be re-
written as

yi = VpiauAix; + 1y, (2)

which is equivalent to the channel in Fig. 2. The number of
non-zero singular values (i.e., non-zero diagonal entries in A;)
is z; < min{n, n,}, i.e., the rank of H;. The rank of H; is
also called the degrees of freedom (DoF), which measures the
number of independent signaling dimensions that are available
in the channel.

By simple matrix manipulations, (2) can be re-written in
the following form:

Y1 = VAR ) KT X + i, ®)

where Tx(l) and Rx([) denote the transmitting and receiving
nodes of link [, respectively, and matrices Ty ) = V; and
Ry« = U;. In MIMO communications literature (see, e.g.,
[22]), the matrices Tt and Rpy() are usually referred
to as transmit beamforming matrix and receive beamforming
matrix. As later shown in Section III, transmit and receive
beamforming matrices will play an important role in MIMO
networks interference mitigation at the link layer.

The capacity for the set of parallel channels in (2) can be
found by the water-filling power allocation algorithm [21]:

Cl(Wf) - HClQaZXW log, det(I 4+ plalHlQleT)

z]
= > W (logy(pauphi)),

i=1
where W represents the bandwidth of the channel, Q; =
E{xlx}} is the input covariance matrix representing the power
allocation of signal x;; det(-) represents matrix determinant;
I represents an identity matrix; (-); represents max(0,-);
A; denotes an eigenvalue of matrix HlHlT (having the same
number of non-zero singular values in A; and equal to the
square of the singular values of H;); and p is the optimal
water-level satisfying Y ;- (u — (oo Ai) 1) = 1.

Further, since H; is a random matrix, the ergodic capacity

of such a fading MIMO channel can be computed as [6]:

C(Wf)

l,ergodic

21
Em [C"7) = WY Ey, [(loga(paups)). ]
=1

= WYL, [ (ogy(proapAi)), fr,(NdX , (@)

where E,,[-] represents the expectation taken over the dis-
tribution of A; and fy,(-) denotes the distribution of \;.

Although (4) is the exact formula for computing MIMO
channel capacity, there are some issues that prevent (4) from
being easily adopted in cross-layer optimization.

1) To determine the eigenvalues \; of HlH}L, one needs to
solve the characteristic polynomial equation. However, even
for a cubic or quartic polynomial equation (corresponding to
3 x 3 and 4 x 4 MIMO channels), the formula for roots com-
putation is cumbersome to use and the polynomial equation
is often solved approximately by numerical methods instead.
Further, due to the complexity of computing \; from HlHlT,
it is even harder to determine the distribution fy,(-) from Hj.

2) Even if we have solved \;’s for a given H;, it remains
to solve the optimal water-level p for the optimal power
allocation. However, due to the property of the water-filling
algorithm, there is no closed-form solution to determine .
Instead, i can only be evaluated numerically.

3) Since it is difficult to determine \;, fx,(-), and p,
computing the integration in (4) becomes a challenging task.
Instead of integrating (logy(proupAi)) . fa,(+), we can calcu-
late a sample mean of (log,(prcup)i)), as an approximation
for the expectation. However, this calculation requires a large
number of random samples of H; (so as to obtain a good
approximation).

Due to the above difficulties, Eq. (4) cannot be readily used
to offer tractable analysis in cross-layer optimization.

B. A Simple and Accurate Model for MIMO Channel Capacity

To avoid the difficulties incurred by using (4), we propose
a simple model to approximate the MIMO link capacity
computation as:

Cl(Sim) =W -z -log, (1 + pz;z) , (5)

The construction of (5) to approximate the MIMO channel
capacity is based on the following intuition. First, note that
in (4), the capacity is determined by the averaging behavior
of the eigenvalues of HlHlT. Although these eigenvalues are
random, in practice they tend to be i.i.d. faded. As a result,
when averaged over a large number of channel realizations, the
mean channel gain for each parallel spatial channel (see Fig. 2)
is roughly the same. Therefore, we approximate the random
matrix H; by a deterministic identity matrix (i.e., we replace
H, by I,,), thus eliminating the expectation computation. With
such a simplification, it is easy to verify that the optimal water-
filling scheme degenerates into a trivial equal power allocation
since all spatial channels have equal gain. It then follows that
the channel capacity can be roughly approximated by (5). The
main benefit of (5) is that we no longer need to explicitly
compute the eigenvalues of HlH;r, the p.d.f. of \;, the optimal
water level p, and the expectation function. Also, note that
when z; = 1, (5) is reduced to Shannon formula.

We now formally examine the accuracy of (5). First, we
quantify the gap between (4) and (5) for a single channel
realization. We have the following lemma and its proof is given
in Appendix A.
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Fig. 3. Normalized gap vs. number of antennas.

Lemma 1. For a MIMO link with instantaneous channel gain
H, of rank z, AC; & Cl(Wf) — Cl(sun) ~ WY logy A
under high SNR regime.

Based on Lemma 1, we show the gap between (4) and (5)
is small by showing Egg, [ ;" log A;] is negligibly small. We
state the result in the following theorem and give a detailed
proof in Appendix B.

Theorem 1. Under high SNR regime, for a MIMO link
with Gaussian random channel matrix H; of rank z,, the
approximation gap incurred by the simple model in (5) is close
to zero.

To offer some quantitative insights on this gap, we plot in
Fig. 3 the normalized gap between (4) and (5) for a MIMO
channel under 20dB and 30dB of SNRs, respectively. We vary
the number of antennas from 2 to 8 (range for practical MIMO
systems). We can see that the gap between the approximation
and the exact capacity is indeed negligibly small. For example,
with 4 antennas under 20dB, the gap is only 2.3%.

III. LINK LAYER MIMO MODELING FOR AD HOoC
NETWORKS

At the link layer, MIMO opens up new opportunities in
space domain to mitigate interference. In Section III-A, we
first describe zero forcing beamforming (ZFBF), which is a
powerful MIMO interference mitigation technique. We also
discuss its benefits and challenges in ad hoc networks appli-
cations. In Section III-B, we propose a space-time scheduling
scheme called SUCCINCT and in Section III-C, we construct
its mathematical model.

A. Zero-Forcing Beamforming: Benefits and Challenges

In MIMO point-to-point or cellular MIMO systems, one of
the most powerful interference mitigation transceiver designs
is called zero-forcing beamforming (ZFBF) [3], [19]. ZFBF
uses multi-antenna arrays to steer beams toward the intended
receiver to increase SNR, while forming nulls to unintended
receivers to avoid interference. To see how ZFBF can be
used in MIMO ad hoc networks, consider an ad hoc network
having L links among which L links are active. We denote
T, the set of links that interfere with the reception of link I’s

intended receiver, I = 1,2,..., Lo. We denote Hry(m) rx(1)
the interference channel gain matrix from transmitting node
of interference link m (Tx(m)) to receiving node of link [
Rx(1))-

Recall from Eq. (3) that, when extracting the transmitted
signal through a MIMO channel, a transmit beamforming
matrix and a receive beamforming matrix are employed on
the channel. Thus, the received signal at link [ can be written
as (for simplicity, we drop the tildes for x, y, and n):

yi=+piu RLX(Z)HZTTX(Z)XZ
Desired signal part

+ Z iV p'rn,lanLR;X(l)HTx(m),Rx(l)TTx(m)Xm +ny, Vl,(6)

mej—L

Interference part

where p,,, ; denotes the interference-to-noise ratio (INR) from
node Tx(m) to node Rx(I).

By exploiting the multi-antenna array at each node, it is
possible to cancel out all interferences by judiciously config-
uring T’s and R’s. Specifically, we can configure T’s and R’s
in such a way that

(7

Note that if there exist non-trivial solutions to (7) (i.e.,
Rix@) # 0, Tryom) # 0, VI,m € 7)), then it means that
all Ly links can be active simultaneously in an interference-
free environment. Moreover, the ranks of Try() and Rgy()
determine the number of data streams z; that can be transmit-
ted over link [, i.e., z; = min{rank(Try(;)), rank(Rrx(1)) }-

Although ZFBF’s benefits are appealing, there remain sig-
nificant challenge to employ it in large ad hoc networks. This
is because finding an optimal set of T’s and R’s satisfying
(7) requires solving a large number of bilinear equations.
Unlike linear equation systems, a general solution to bilinear
equation systems remains unknown [18]. Thus, it becomes an
intractable problem to design scheduling schemes based on
solving (7).

B. SUCCINCT: Basic Idea

We find that the specific element configurations in T’s and
R’s are more closely tied to beamforming design than to link
layer scheduling. Therefore, instead of focusing on solving (7),
we propose to reposition ourselves to exploit matrix dimension
constraints that are sufficient for (7) to hold. By doing so, we
can characterize the link layer scheduling performance without
entangling with the details of beamforming designs.

To understand how we can extract the matrix dimension
constraints for ZFBF-based scheduling, we first use a simple
two-link one-interfering-node network shown in Fig. 4 as an
example. In this network, link / has 3 antennas on each side
and link m has 5 antennas on each side. For this simple
network, we can schedule the transmissions of links [ and m
as follows. First, we arbitrarily choose a transmit beamforming
matrix Ty ;) without considering link m’s existence. Suppose
that Ty is full-rank, meaning that 3 data streams are

R;X(Z)HTx(m),Rx(l)TTx(m) =0, Vl,mel,.
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Fig. 4. A two-link one-interfering-node example.
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Fig. 5. DoF region of two-link one- Fig. 6. A three-link multiple-
interfering-node example. interfering-node example.

being transmitted. Next, we choose a Rpry(m) to cancel the
interference from link [, while receiving data streams from its
desired transmitter. To do this, we need to solve for Rrx(m)
such that (HTx(l),Rx(m)TTx(l))TRRx(m) = 0, where TTx(l)
is already determined. From basic linear algebra, we know
that all the receive beamforming vectors in Rgy(m,) have to
lie in the null space of (HTX(1)7RX(,,L)TTX(1))T, denoted by
null((HTx(l),Rx(m)TTx(l))T). Note that the dimension of the
null space in this case is dim(null((Hry() mx(m) Tx@) ') =
5—3 = 2. This implies that Rx(m) can receive up to 2 streams
from Tx(m) (or link m can have 2 DoFs for receiving).
Note that in this case links / and m are both active in an
interference-free environment. Further, by varying the ranks
of Try(;) and Rrx(m), it is easy to verify that the achievable
DoF region under our ZFBF-based scheduling scheme is the
trapezoid shown in Fig. 5.!

Observe that the scheduling scheme in the above two-link
one-interfering-node example is performed in a sequential
fashion: we arbitrarily choose a T'r(;) first, and then choose
a RRrx(m) such that the interference can be eliminated.

We now extend this successive interference cancelation idea
to a three-link multiple-interfering-node example shown in
Fig. 6, which is much more complicated than the earlier
example. Here, each receiving node of a link is being interfered
by the transmitting nodes of other links. To schedule transmis-
sion/reception, we can start with a scheduling order for the six
nodes. Such scheduling order will be subject to optimization
in Section III-C. For example, suppose the scheduling order
for the six nodes is Tx(I) — Rx(m) — Rx(l) — Tx(m
Tx(n) — Rx(n). Then the following scheduling decisions
will take place.

1) Tx(l): Since nodes Tx(l) is the first to be scheduled, it
does not have any interference to concern about. Also, since
Tx(1) has only 1 antenna, we can let Tx(l) transmit 1 data
stream;

) —

Note that the achievable DoF region in Fig. 5 coincides with the maximum
DoF region described in [11, Theorem 2]. Thus, for this two-link example,
the proposed scheduling scheme is an optimal scheduling scheme.

Move to the next
node in the -
ordered node list

Nullits
interference to
Rx nodes
scheduled
before itself

Suppress
interference
from Tx nodes
scheduled
before itself

f

For a given
ordered node
list, start from

the 1% node

All nodes N
scheduled?

The flow chart of SUCCINCT scheduling algorithm.

Fig. 7.

2) Rx(m): Since Rx(m) is scheduled after Tx(l),
it needs to suppress the interference from Tx(I), i.e.,

solving (HTx(l Rx(m)TTx(l)) RRx(m) = 0. We have
dnn(null((HTX(l Rx(m)TTX(l))T)) =2-1=1, ie., we can
let Rx(m) receive 1 stream in this case;

3) Rx(1): Since no interfering transmitting node is scheduled
before Rx(l), Rx(!) does not need to concern about any
interference. Given Rx(l) has only 1 antenna, we can let it
receive 1 stream;

4) Tx(m): Following the similar argument as for Rx(m),
we can let Tx(m) transmit 1 stream;

5) Tx(n): Since Tx(n)’s transmission should not in-
terfere with Rx(l) and Rx(m), it follows that Ty

RL ) Hersn) Rx(r)

should satisfy Trym) = 0. Since

Roc(m) L Tx(n),Rx(m)

] B Horson oy

dim =4—(14+1) =2, we
Rc(m) FLTx(n), Rx(m)
can schedule 2 data streams at Tx(n);

6) Rx(n): Similar analysis as in 5) can be done for Rx(n)
to show that 2 streams can be scheduled at Rx(n).

The idea in the three-link multiple-interfering-node example
can be synthesized for a general multiple-link setting. The
essence of this scheduling scheme is to perform interference
cancelation successively on each node in an ordered node list:

o If a node is transmitting, then it is only necessary to

ensure that its transmissions do not interfere with previ-
ously scheduled receiving nodes in the ordered node list.
It does not need to expend precious DoF resource to null
its interference to those receiving nodes to be scheduled
after itself in the node list.

o If a node is receiving, it only needs to suppress inter-

ference from transmitting nodes scheduled before itself
in the node list. It does not need to concern interfering

transmitting nodes to be scheduled after itself.

The interference cancelation behavior described above of-
fers the basic idea for node-based scheduling algorithm. For
easy reference, we call this scheduling scheme SUCCINCT
(successive interference cancelation). Additional quantitative
constraints on DoF on each transmitting and receiving node
(as shown in previous two examples) will be discussed in the
following section. Fig. 7 shows the flow chart of SUCCINCT
algorithm.

Remark 1. In [8], Hamdaoui and Shin proposed several
interference avoidance schemes based on ZFBF. For the so-
called CiM scheme (the best among the proposed schemes



in [8]), the authors also recognized that interference can be
canceled by either the transmitting or the receiving node of
an interference link. However, without employing node-based
sequential scheduling, it is impossible to know which node
should perform interference mitigation. As a result, the CiM
scheme requires both the transmitting and receiving nodes of
an interference link to expend precious DoFs for interference
cancelation (c.f. [8, Eq. (10)]). This approach adversely leads
to a much smaller DoF region. As an example, we compare the
performance of SUCCINCT and the CiM model on the simple
two-link one-interfering-node example in Fig. 4. Under the
CiM model, it is not difficult to show that the achievable DoF
region is the shaded triangle in Fig. 8, which is much smaller
than the achievable DoF region by SUCCINCT. The detailed
analysis on why this is the case is provided in Appendix C.
In general, it can be shown that the DoF region achieved
under the CiM model is always a subset of that under the
SUCCINCT scheme [13]. The details of the proof can also be
found in Appendix C.

Fig. 8. Achievable DoFs comparison between SUCCINCT and CiM for the
example in Fig. 4.

C. SUCCINCT: A Mathematical Model

Having introduced the basic idea of SUCCINCT, we now

develop its mathematical model. We represent the topology of
a MIMO ad hoc network by a directed graph, denoted by G =
{N, L}, where N and L are the sets of nodes and all possible
MIMO links, respectively. Suppose that the cardinalities of the
sets A and £ are |NV| = N and |£| = L, respectively. In this
paper, we assume that scheduling operates in on period frame-
by-frame system with 7" time slots in each frame.
Ordered Node List: An Optimization Model. = Referring
to Fig. 7 and the discussion in Section III-B, before we start
scheduling on a node, we must have an ordered node list,
which itself is subject to optimization.

To model an ordered node list that can be optimized, we
define the following binary variable. For i,j € N, i # j, we
let

mi5(t) { (1)

To model an ordered node list, 7;;(¢) must satisfy the follow-
ing two properties.

1) Mutual exclusiveness: If node j is scheduled after node
i (i.e., m;;(t) = 1), then it also implies that node ¢ is before

if node j is after node ¢ in time slot ¢,
if node j is before node 7 in time slot ¢.

TABLE II
ENUMERATING THE TRANSITIVITY RELATIONSHIP.
mig () | mie() || mi(t)
1 1 1
1 0 indefinite
0 1 indefinite
0 0 0

node j (i.e., mj;(t) = 0). This relationship can be modeled as
Tl'ij(t) + Wji(t) =1, VZ,] eN i 7é 7 Vt. (8)

Transitivity: If node j is scheduled after ¢ (i.e., m;; = 1)
and node £ is scheduled after node j (i.e., m;, = 1), then it
implies that node k is scheduled after node ¢ (i.e., m;r = 1).
We enumerate all possible cases for m;; and 7;; in Table II
and show what ;5 will be. In Table II, “indefinite” means that
mik(t) cannot be determined by the current settings of m;;(t)
and 7 (¢). Mathematically, the relationship in Table II can be
modeled as

Tk (t) < mig(t) + min(t),
ik (t) = mij () + w5 (t) — 1,

Vi, i, k € N, Vt, )
Vi, 5,k € N, Vt. (10)

For example, for the second row in Table II, when m;;(t) =1
and 7, (t) = 0, (9) gives () <1 and (10) gives m(t) >
0. Given that m;;(t) is a binary variable, this is equivalent to
saying that 7 (¢) remains to be determined (or indefinite).

Note that according to (9) and (10), we can write 12
different constraints in 6 groups for three nodes i, j, k € N/
as follows.

[mOsm@tm®
{msm@emt 0w
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A closer look at these 6 groups of constraints show that
any one group can be used to derive the other 5 groups of
constraints (see Appendix D). In other words, any one group
from the six groups in (11)—(16) is sufficient to describe the
transitivity property for a node triplet {i, j, k}.

To select only one group out of (11)—(16) to describe the
transitivity property, we need to maintain certain consistency
in such selection. Our approach to achieve such consistency
is to create a mapping Q(-) : N/ — N, where each node in N/
is mapped to an integer number in N = {1,2,..., N}. Now,



without loss of generality, suppose that nodes ¢, j, and k satisfy
Qi) < Q) < Q(k). We will select group constraint (11),
which is the same as selecting two constraints from (9) and
(10) such that Q(i) < Q(j) < Q(k). Using such a mapping
and the constraint (i) < Q(j) < Q(k), we can consistently
and uniquely identify a group out of 6 groups for any node
triplet. Now, combining the ordered mapping and (9) and (10),
we have:

Tk (t) < mij(t) + 7k (1),

Vi, k € N : Q) < Q@) < Qk),vt, (17
ik (t) > mij(t) + mik(t) — 1,
Vi,j ke N : Q) < Q3) < Qk), V. (18)

We further show in Appendix D that (17) and (18) can be
written in a more compact form: 1 < 7;;(¢) 4+ (t) +mxi (t) <
2. We summarize this result in the following lemma.

Lemma 2. For nodes i,j,k € N such that Q(i) < Q(j) <
Q(k), the following two constraints are sufficient to describe
the transitivity relationship among nodes node triplet 1, j, and
k:

It is not hard to see that Lemma 2 will significantly

reduce computational complexity in finding the optimal spatial
scheduling order. Also note that loop is not allowed in the
transitivity relationship in (19). This is because that (19)
implies that at least 1 and at most 2 7-variables can be equal to
one. The cases when loop occurs, i.e., either m;; (t) = 75 (t) =
i (t) = 0 or m;;(t) = mjx(t) = mi(t) = 1, are not allowed
in (19).
A Model for Transmitting Node Behavior. Next, we
model the block in Fig. 7 where a node ¢ is scheduled to be
a transmitting node. Note that in each time slot ¢, 1 < ¢ < T,
due to half-duplex, each node either transmit, receive, or be
idle. To model half-duplex, we introduce two groups of binary
variables g;(t)’s and h;(t)’s as follows. g;(¢t) = 1 if node 4
is transmitting in time slot ¢ and O otherwise; h;(t) = 1 if
node i is receiving in time slot ¢t and 0 otherwise. Then, the
half-duplex constraint can be characterized by

gi(t) + hi(t) <1, Vi,t. (20)

We assume that scattering is rich enough in the environment
such that all channel matrices are of full-rank. As a result, the
number of data streams that a node can transmit or receive is
limited by its number of antennas and we have the following
two constraints:

git) < > a(t) < gilt)As, 1)
leLut

hi(t) < ) a(t) < hi(t)A (22)
leci»

where £OU¢ and £I" represent the sets of outgoing and in-
coming links at node 4, respectively; z;(¢) denotes the number

of data streams over link [ in time slot ¢, and A; represents
the number of antennas at node <.

From Fig. 7, we see that the data streams transmitted
by node ¢ should not interfere with those receiving nodes
scheduled previously. This is equivalent to saying that the
transmission beamforming vectors in T; should lie in the null
space of the stacked matrix formed by stacking all R}Hi,j
matrices, where j denotes a previously scheduled receiving
node that could be interfered by node i. That is,

j€Z; and j is
scheduled before ¢
(i.e., Tji = 1),

T; enull | RIH;; |, (23)

where Z; represents the set of nodes within the interference
range of node i. For convenience, we let S denote the stacked
matrix in (23). Note that ), L£Out 21 (t) is the number of data
streams that node ¢ transmits in time slot ¢. Thus, from (23),
we have that ), .ou 2(t) should be less than or equal to
the nullity of of S, ie., Zleﬁo.n z1(t) < null(S). Also, note

that the rank of Siis > 7 (¢ )Z?;ﬁ(;ﬁz ; 21(t). Therefore,
according to rank-nullity theorem [9] (i.e., rank(S) + null(S)
is equal to the number of columns in S), we can model the

dimensional constraint as follows: for all 4, j € A/ and for all

i,
ST alt)+y | mit) > alt) < A+ (1—gi(t)) M. (24)
leLPut J€ETL; I:Rx(l)=j
Tx(l)#4
In (24), M is a sufficiently large number (e.g., we can set
M = Zjel'i A;). When node i is a transmission node (i.e.,
gi(t) = 1), then (24) is reduced to the rank-nullity condition
with respect to S. Otherwise, if node 7 is scheduled to be a
receiving node or in idle status (i.e., g;(t) = 0), then (23)
becomes irrelevant due to the large value of M.

We note that the nonlinear terms j; (¢ )Z;Fl){;()l# Lozt
in (24) could complicate optimization algorithms de31gn To
remove these nonlinear terms, we can introduce a new integer
variable ¢;;(t) and reformulate (24) as follows:

oAl + Y ¢lt)

leLdut JETL;

S A+ (L—gi(t)M, (25

where ¢;;(t), Vi € N, j € I, Vt, satisfies the following
constraints:

65i(t) < Ximaine; 21(t), (26)
65i(t) < Aimji(t), 27)
G5i(t) > Agmjilt) — A+ S nin alt). (28)

It is easy to verify that this set of new constraints (25)—(28)
is equivalent to (24).

A Model for Receiving Node Behavior.  Similarly, for the
block in Fig. 7 where a node i is scheduled to be a receiving
node, we can derive the following constraints: for all 7, j € N/



and for all ¢,

Dueem a(t) + 2 ez, @ii(t) < Ai+ (1= hi(t)) M, (29)

Pji(t) < Srains at), (30)
Spjz( ) S AZﬂ—j’L( ) (31)
pji(t) > Amya(t) — Ai + S it aib). (32)

IV. APPLICATION IN MULTI-HOP AD HOC NETWORKS

In Sections II and III, we have developed two models for
the physical layer and the link layer in multi-hop MIMO ad
hoc networks, respectively. In this section, we will show how
to apply them for cross-layer optimization in multi-hop MIMO
ad hoc networks. We consider a generic utility maximization
problem involving a set of sessions, F, in an ad hoc network.
Denote src(f) and dst(f) the source and destination nodes of
session f € F, respectively. Denote 7(f) the rate of session
f and r;(f) the amount of rate on link [ that is attributed to
session f € F, respectively. Denote C(t) the capacity of link
[ in time-slot ¢. For stability, we have the following constraints
on the flow rates:

Yrern(f) <+ X0, Gilt), VI (33)

At the network layer, different routing schemes can be
adopted. But regardless of specific routing schemes, the flow
balance constraints must hold at each node ¢ € N in the

network.

Diecowni(f) =r(f), if i =sre(f), (34)
Zleﬁ?“t Tl(f) = Zle[}i" Tl(f)a if ¢ 7é SI‘C(f), dSt(f)v (35)
Sieennlf)=r(f),  ifi=ds(f).  @6)

It can be easily verified that if (34) and (35) are satisfied,
then (36) is automatically satisfied. As a result, there is not
necessary to list (36) in a formulation once we have both (34)
and (35).

When a node is transmitting simultaneously on more than
one outgoing links, it is necessary to consider power allocation
among LU at node 4. Recall that ay(t) € [0,1] represent a
fraction of transmit power allocated onto link [ in time-slot .
Then, for each node 7 in time-slot ¢, we have

Zle/;?“t al(t) < gn (t)’ vn,t. (37)
The constraint in (37) ensures that the sum of transmit power
of all outgoing links at node ¢ does not exceed the transmit
power limit. In the case when node ¢ is not in transmission
mode, then g;(¢) = 0 and oy(t) = 0 for all [ € LUt

Consider an objective function for each session, U(T( f))
which we assume is concave. Then a general MIMO network

utility maximization (MIMO-NUM) problem can be formu-
lated as follows.
MIMO-NUM
max Yo7, u(r(f))
s.t. Network layer flow-balance routing constraints
in (35) and (34);
Coupling constraints between network layer
and link layer in (33);
SUCCINCT based link layer modeling constraints
in (20), (21), (22), (8), (19) and (25)—(32);
Simplified MIMO physical layer model
in (5) and (37).

Two remarks for the MIMO-NUM problem are in order.
1) Tractability. Recall that a MIMO cross-layer optimization
involves many matrix variables in the capacity calculation
and ZFBF scheduling, making network level research quite
challenging. With our simple models, matrix variables no
longer appear in MIMO-NUM problem, which significantly
simplifies formulation and reduce computational complexity.
2) Solvability. By using our simple models, MIMO-NUM
problem is reduced to a similar mathematical form as in
NUM problems for single-antenna ad hoc networks. Note
that although SUCCINCT part is unique, it is of linear form
and can be easily handled mathematically. This suggests that
new solutions to MIMO-NUM problems may be developed by
drawing upon the rich experiences gained for single-antenna
ad hoc networks.

As an example to illustrate the solvability of our MIMO-
NUM formulation, we consider a MIMO ad hoc network con-
sisting of 50 nodes that are uniformly distributed in a square
region of 1500m x 1500m (see Fig. 9). Each node in the
network is equipped with 4 antennas and the maximum power
for each node is 100 mW. The channel bandwidth is 20 MHz.
The path-loss index is 3.5. There are 5 sessions in the network:
N26 to N19, N44 to N18, N24 to N15, N48 to N2, and N9
to N32, respectively. Suppose that minimum-hop routing is
employed at the network layer. The objective is to maximize
the sum of the end-to-end session rates, i.e., u(r(f)) = r(f).
Suppose that there are 4 time slots in each time frame, i.e.,
T = 4. Given these parameters and network settings, the
MIMO-NUM problem is now completely specified. We can
use CPLEX solver to obtain optimal solution.

The optimal scheduling ordering for each node in each time
slot is listed in Table III. In this table, each column gives the
node ordering for scheduling in a given time slot of the frame.
For example, in the first time slot, the optimal ordering of the
nodes is N19 — N18 — ... — N2.

Fig. 10 shows the routing paths for each session and optimal
scheduling solution (shown in shaded boxes). As an example,
the shaded box next to the link from N6 to NI8 contains
1:1;2:1;3:2, which means that in time slots 1, 2, 3, there
are 1, 1, and 2 streams on this link, respectively. In time slot 4,
the link is not transmitting. Based on the number of streams,
the simple physical layer model (5), and the constraint in (33),
the optimal session rates are found to be (in Mb/s): 60.4 for
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Fig. 9. A 50-node 5-session MIMO-based ad hoc network.
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Fig. 10.  Scheduling result on each link.

N26 — N19, 151 for N44 — N18, 102 for N24 — N135, 36.6
for N48 — N2, and 57.2 for N9 — N32.

TABLE IIT
OPTIMAL NODE ORDERING IN EACH TIME SLOT OF A FRAME.
Time Slot 1 Time Slot 2 Time Slot 3 Time Slot 4
Ist N19 N48 N24 N24
2nd N18 N27 N22 N32
3rd N44 N32 N44 N26
4th N15 N15 N9 N438
Sth N26 N9 N15 NI18
6th N22 N19 N27 N24
7th N5 N44 N32 N9
8th N48 N26 N26 N22
9th N6 N18 N19 N5
10th N27 N2 N18 N6
11th N24 N24 N6 NI15
12th N32 N22 N5 N19
13th N3 N5 N48 N2
14th N1 N3 N1 N27
15th N9 N1 N3 N1
16th N2 N6 N2 N3

V. CONCLUSION

Existing models for MIMO suffer from either intractability
or inaccuracy when they are employed for multi-hop ad hoc
network. In this paper, we proposed a tractable and accurate
model for MIMO that is amenable for cross-layer analysis
in multi-hop ad hoc networks. Our contributions included a
model at the physical layer and a model at the link layer. At
the physical layer, we proposed a simple model to compute
MIMO channel capacity that captures the essence of spatial
multiplexing and transmit power limit without involving com-
plex matrix operations and the water-filling algorithm. We
proved that the approximation gap in this physical layer model
is negligible. At the link layer, we proposed a scheduling
scheme called SUCCINCT that is based on ZFBF interference
mitigation. The proposed SUCCINCT scheme cuts through the
complexity associated with beamforming designs in a multi-
hop ad hoc network by using simple numeric computation
on matrix dimensions. As a result, we can characterize the
link layer scheduling performance without entangling with
beamforming details. By applying the proposed cross-layer
model to a general network utility maximization problem, we
validate its efficacy in practice. The results in this paper offer
an important analytical tool to fully exploit the potential of
MIMO in multi-hop ad hoc networks.
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APPENDIX A
PROOF OF LEMMA 1

Under high SNR regime, p;o; is large enough such that
all spatial channels are active with high probability, i.e.,

Sili(u=(peaxi) )4 = 3L, (= (preuXi) ™) = 1. Thus,
we haVe Zl,u — ]_ _|_ Zf”zl(plal)\i)71 (38)

Also, we have that Cl(Wf) = WL logy(piayp;). On the
other hand, we can re-write the capacity formula for the simple

model as C™ = W 7 log, (1 + ”fz—i”) As a result, the
capacity gap can be computed as
AC = O =P =W log, (Aeu
~ W logy zip 39)
= WY log, (14 (men) ™ 307, A1) Ai(40)
~ W logy A, @1)

where (39) follows from the fact that in high SNR regime,
piay/z > 1 so that 1 can be ignored; (40) follows from
substituting (38) into (39), and (41) follows from the fact that
in high SNR regime, the term (p;oy)™* 377 A\7! < 1 (none
of \; can be too small since H; is a well-conditioned matrix)
and can be ignored. This completes the proof.

APPENDIX B
PROOF OF THEOREM 1

First of all, from Lemma 1, we have
zZ] zZ]

]EHl [ACl] ~W Z ]E,\i [10g2 )\1] < w Z 10g2 E)\i [)\L]
i=1 i=1

where the last inequality follows from the concavity of the

log function and Jensen’s inequality. The Maréenko-PaStur

theorem [14] says that for a matrix H; with 2= = 3, the

limiting p.d. f of the eigenvalues of the correspondlng Wishart

matrix HZH as ng, n, — o0 is:

He = (1-5) o+ Vi -

Dy(u—x)y
27 Bz ’

42
3 (42)
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where | = (1 — v/B)%, u= (1++/B)? and (-); = max(0,-),
and (z) is the Dirac delta function. Moreover, even for small
values of n; and n,., the p.d.f function in (42) can be used to
serve as an excellent approximation [23].

Now, let us first consider the case with g < 1.
In this case, the p.d.f. can be simplified to ff (x) =
V(@ = 1)+ (u— )4 /27Bz. Since all eigenvalues are i.i.d.
distributed, we have

> logy Ea, [A
=1
1 u

i = z1logy B[]

For convenience, let R(x) = —2? +2(1+ 3)z — (1 — (). By
using [7, Eq. 2.262], we can derive that

“ 2x —2(1 “ 16 vod
/ /R(z)dz = 22 —-2(1+0) R(z) _~_7B/ _ar
! 4 . 8 i /R(x)
(43)
Note that the first term in the summation in (43) is zero. Then
by using [7, Eqn. 2.261], we can further derive that

/lu VR(z)dz = 28 arcsin (W) '

= —2f(arcsin(—1) — arcsin(1)) = 275.

l

It thus follows that
“ 2n3
EH[ [AC[] <w ; 10g2 ]E,\i [)\z] =Wz IOgQ % =0.

For the case where 3 > 1, the first term in the p.d.f. function
in (42) becomes relevant. Thus, we need to further evaluate
the expectation of the first term. In this case, it is easy to see
that

/lux (1 - ;) §(x)dx = (1 - ;) /lu 28(z)dr = 0. (44)

Combining two cases, we finally have Eg, [AC)] ~ 0 for all
0, and the proof is complete.

APPENDIX C
PERFORMANCE COMPARISON BETWEEN SUCCINCT AND
THE H-S MODEL

For the CiM scheme in [8], two sets of integer variables are
defined: For every pair of mutually-interfered links ¢ and j in
time slot ¢, 0;;(t) represents the number of DoFs assigned by
t(4) to null its interference at r(j), and ¥;;(t) represents the
number of DoFs assigned by r(j) to suppress the interference
coming from ¢(7). The H-S link layer mode is given as follows
(in this paper’s notation):

Drecouw 2(t) + ez Ou(t) < Ay, (45)
Yiecm a(t) + ez Ya(t) < Ay, (46)
( ) < 191]( )+ At () (1- i(t))a 47
zj(t) < 0i5(t) + Brjy (1 — y;(1)). (48)



Now, let us compare the performance using the 2-link
example shown in Fig. 4. Clearly, when both links 7 and j are
active, i.e., y;(t) = y;(t) = 1, we have from (47) and (48) that
zi(t) < Y;(t) and z;(¢) < 6;;(t). In Section III-A, we can see
that z;(t) = 3 and z;(¢) = 2 can be scheduled without causing
any mutual interference. However, z;(t) = 3 and z;(t) = 2
clearly violates (45)-(48). This is because z;(t) =3 = 6;; =0
(by (45)) and 0;; = 0 = z;(t) = 0 (by (48)), a contradiction
to z;(t) = 2. Thus, we can see that SIM can schedule more
data streams than CiM.

In fact, for the simple 2-link example in Fig. 4, we can
derive the DoF region under the H-S model as follows. First,
note that there is only one interference going from link 7 to
link j. Thus, when both links are active, we can simplify (45)-
(48) as: z; + tgij < 3, zj + 191'.7‘ < 5, and zj < Hl‘j. Since
zj < 0y is tighter than z; + ¥;; < 5 (because 0;; < 3),
the latter can be ignored. As a result, we have DoF region as
zi + 25 < z; + 0;; < 3. We plot this DoF region (as squares)
in Fig. 8. It can be seen that the H-S model can only achieve
a portion of the entire DoF region.

To formally state the superior performance of SUCCINCT,
we have the following fact.

Fact 1. The achievable DoF region CsycciNcT contains the
achievable DoF region Cys achieved by the H-S model, i.e.,
Cus C CsyccINeT-

Proof: Recall that in the SUCCINCT scheme, the number
of data streams and the number of DoFs used for interference
mitigation satisfy the following constraints:

oat)+y ma(t) Y at) < A+ (1 - gi() M, (49)

leLdut JjET,; I:Rx(l)=j
Tx(l)#i
Zzl(t) +Z 753 (t) Z zi(t) < Ai + (1= hy(t)) M. (50)
l6££n JETL; 1:Tx(l)=j5
Rx(l)#1t

On the other hand, the link layer constraints for transmissions
and interference mitigation in the H-S model can be re-written
as:

STaty+>. D alt) < A+ (1 -gi(t)M, (S
JEL; :Rx(l)=j
Tx(l)#i
DSat)+d> . D alt) < Ai+ (1 gi(t)M.
leLOut JEL; :Rx(l)=j
Tx(l)#1
It can see that the RHS are identical. However, in the SUC-
CINCT scheme, the number of terms in the summation for
interference mitigation for each node is strictly less than that
in the H-S model except for the last node to be scheduled
in the SUCCINCT scheme. This is because for each node in
the network, it only has to perform interference mitigation for
the nodes that are scheduled earlier. Mathematically, this can
be reflected by the fact that only some of ~y-variables in the
summation are equal to one.
By contrast, in the H-S model, each node has to perform
interference mitigation task for a/l nodes within its interference

(52)

11

range. As a result, the number of terms in the summation
for interference mitigation is strictly larger than that in the
SUCCINCT scheme. Mathematically, this is equivalent to
setting all m-variables equal to 1 in (49) and (50).

Since more DoF resources are used for interference miti-
gation in the H-S model, we have that the number of DoF
used for data transmissions is strictly less than that in the
SUCCINCT scheme, thus resulting in a strictly larger DoFs
region. |

APPENDIX D
PROOF OF LEMMA 2

For simplicity, we drop the time slot index ¢ of m— variables
in this proof. We first show that given any one group in (11)-
(16), the remaining 5 are redundant. Without loss generality,
let us consider the two constraints in group (11), i.e.,

Tik < Tij + Tk

Tik = Tij + T, — L.
Multiply —1 and adding 1 on both sides of the above two
inequalities, we have

1—=mip 21 —mij — i, N
1—m < 177Tij77rjk-+1
This shows that the set of constraints in group (12) can
be derived from group (11) and the mutual exclusiveness

constraints. Thus, group (12) is not independent and can be
removed. Following the same token, we can also show that

Tij < ik + Thj N
Tij = Mg + Mg — 1
Tk < Ty + T
{ Tk = Ty + i — 1 = {
That is, the groups (14) and (16) can derived from groups (13)
and (15). So, they can also be removed. Now, let us consider

the remaining 6 constraints associated with groups (11), (13),
and (15). Note that

ik < Tij + Tjk

Tl = Tjs + Ty — 1
T < Wji + Ty

Tji 2 Tjk + Ty — 1
Tji < Tk + Thi,
and

Thj = Thi + 5 — 1
T < Mei + Taj-

= T < myj 1 — 7y
= Tij 2 Wik + T — 1
= Mg > Tij — Tkj
= Tij < Wik + Ty

ik > Tij + T — 1

This shows that group (13) can be derived from group (11)
and can also removed. Following exactly the same token, we
can show that group (15) can be derived from group (11) and
also can be removed. So finally, we have only 2 remaining
constraints associated with group (11).

Next, we show that (11) can be written in a more compact
form. Note that
1 — i < mij + Tk

Tik < Wij + Tk =
= 7rij+77jk,+7rki>1
=

1= > mp +mj — 1
= W+ Tkt T < 2,

Tik = Tij + Tjk — 1

which give the constraints stated in Lemma 2. This completes
the proof.



