
I. INTRODUCTION

W IRELESS ad hoc network has been a focal research
area in the research community for some years. A

critical factor affecting the future prospect of such networks
for practical deployment is network capacity. Multiple-input
multiple-output (MIMO) system, which employs multiple
antennas, is shown to be capable of increasing channel ca-
pacity substantially than conventional communication systems
without the cost of additional spectrum [1]–[3]. As a result,
MIMO has been recognized as an enabling technology for
high capacity wireless ad hoc networks.

However, compared to the research on single-user MIMO,
for which many results are available (see [4], [5] and refer-
ences therein), research on multiuser MIMO systems is still
in its infancy and many fundamental problems, particularly
for multi-hop ad hoc networks, remain unsolved. Employing
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layers. An improperly designed algorithm could diminish
any potential capacity gain from MIMO. As a result, joint
optimization across multiple layers is not only desirable, but
also necessary.

In this paper, we investigate cross-layer optimization for
MIMO-based ad hoc networks. The goal is to support a
set of user communication sessions such that some network
utility is maximized. However, to achieve high capacity for
such networks, many challenging problems must be addressed.
One problem is how to determine optimal power allocation
at each transmitting node, optimal bandwidth allocation for
each transmission, and optimal flow routing for the network.
This problem is considerably more challenging than that for
conventional single antenna-based wireless ad hoc networks.
This is because, compared to the simple scalar channels in
the single antenna case, power allocations are now performed
over complex matrix channels. Also, compared to single-user
MIMO systems, power allocation for multiple outgoing links
at a node has to be jointly considered.

For this challenging cross-layer optimization problem, we

i.e., a cutting-plane method based on outer-linearization and
the subgradient-based scheme. Our proposed cutting-plane
method allows an easy recovery of primal feasible and optimal
solutions.

Finally, based on the subgradient-based approach, we design
a distributed algorithm that achieves the same optimal solution
as that of the centralized algorithm. We show that the excess
link capacity of each link can be used for message exchange
in our distributed algorithm.

The remainder of this paper is organized as follows. In
Section II, we present the network model and problem formu-
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Lemma 1: For matrices B ∈ Cp×m, X ∈ Cm×n, and C ∈
Cn×p, if (BXC) is invertible, then we have ∂ det(BXC)

∂X =
det(BXC)

�
C(BXC)−1B

�T
.

With Lemma 1, we have the following corollary.
Corollary 1: For matrices A ∈ C

p×p, B ∈ C
p×m,

rank(B) = p, X ∈ Cm×n, C ∈ Cn×p, and rank(C) = p,
if (A + BXC) is invertible, then we have ∂

∂X ln det(A +
BXC) =

�
C(A + BXC)−1B

�T
.

Proof: By chain rule, we have

∂

∂X
ln det(BXC) =

∂ ln det(BXC)
∂ det(BXC)

· ∂ det(BXC)
∂X

=
1

det(BXC)
· det(BXC)

�
C(BXC)−1B

�T

=
�
C(BXC)−1B

�T
. (7)

Since rank(B) = p and rank(C) = p, we have that B and C
have right and left inverses, respectively. Let Y be such that
BYC = A + BXC, i.e., Y = X + BRACL, where BR and
CL are the right and left inverses of B and C, respectively.
It then follows that ∂Y/∂X = I. Thus, we have

∂ ln det(A + BXC)
∂X

=
∂ ln det(BYC)

∂Y
· ∂Y
∂X

=

�
C(BYC)−1B

�T · ∂Y
∂X

=
�
C(A + BXC)−1B

�T · ∂Y
∂X

=
�
C(A + BXC)−1B

�T
.

We can now compute the partial derivative of Θlink−phy(Q)
with respect to Ql, which is given by

∂Θlink−phy(Q)
∂Ql

= Wl
∂

∂Ql

�
log2 det

�
I + ρjHjQjH†

j

��
.

Assuming that the channel gain matrices H are of full row
rank (if not, we can always delete the linearly dependent rows).
Applying Corollary 1 by letting A = I, B = ρlHl, X = Ql,
and C = H†

l , we have

∂Θlink−phy(Q)
∂Ql

=
Wlulρl

ln 2

�
H†

l

�
I + ρlHlQlH†

l

�−1
Hl

�T

,

where we have used the fact that Rl does not depend on Ql.
Recall that, for a function f(z), where z = x + jy is

a complex variable, its derivative is defined as ∂f(z)
∂z =

1
2

�
∂f(z)

∂x − j ∂f(z)
∂y

�
, and the gradient is defined as ∇zf(z) =

∂f(z)
∂x + j ∂f(z)

∂y [11], [13]. Hence, we have ∇zf(z) =

2
�

∂f(z)
∂z

�∗
. Therefore,

GQl =
2Wlulρl

ln 2
H†

l

�
I + ρlHlQlH†

l

�−1
Hl. (8)

Note that in (8), since
�

I + ρjHlQlH†
l

�−1
is a Hermitian

matrix, GQl is also Hermitian.

B. A Polynomial-Time Algorithm for Performing Projection

Since GQl is Hermitian, it then follows that Q
�

l(k) =
Ql(k) + skGQl(k) is Hermitian. On the other hand, since
Ω+(n) contains a constraint on power sum for each node n
having |O (n) | outgoing links, we need to project the |O (n) |

W -scalars and |O (n) | Q-covariance matrices onto Ω+(n)
simultaneously.

Toward this end, we construct a block diagonal matrix Dn

as follows:

Dn =
�

Wn 0
0 Qn

�
∈ C

|O(n)|(nt+1)×|O(n)|(nt+1),

where Wn is defined as Wn � Diag{Wl : l ∈ O (n)} ∈
C|O(n)|×|O(n)|, and Qn is defined as Qn � Diag{Ql : l ∈
O (n)} ∈ C|O(n)|nt×|O(n)|nt . We introduce two more matrices
E(n)

1 and E(n)
2 as follows:

E(n)
1 =

�
I|O(n)| 0

0 0

�
∈ C

|O(n)|(nt+1)×|O(n)|(nt+1),

E(n)
2 =

�
0 0
0 I|O(n)|nt

�
∈ C

|O(n)|(nt+1)×|O(n)|(nt+1).

It is easy to recognize that if Dn ∈ Ω+(n), we have
Tr(E(n)

1 Dn) =
�

l∈O(n) Wl ≤ Bn, Tr(E(n)
2 Dn) =

�
l∈O(n) Tr (Ql) ≤ P (n)

max, and Dn � 0. In this paper, Frobe-
nius norm, which is the counterpart of the Euclidean norm in
the vector space, is used as the matrix distance metric. By the
definition of Frobenius norm, the distance between two ma-
trices A and B is ‖A−B‖F =

�
Tr

�
(A−B)†(A−B)

�
 1
2 .

Thus, given the block diagonal matrix Dn, we wish to find a
matrix D̃n ∈ Ω+(n) such that D̃n minimizes ‖D̃n −Dn‖F ,
i.e.,

Minimize ‖D̃n −Dn‖F
subject to Tr(E(n)

1 D̃n) ≤ Bn

Tr(E(n)
2 D̃n) ≤ P (n)

max

D̃n � 0

(9)

For more convenient algebraic manipulations, we instead
consider the following equivalent optimization problem:

Minimize 1
2

���D̃n −Dn

���
2

F

subject to Tr(E(n)
1 D̃n) ≤ Bn

Tr(E(n)
2 D̃n) ≤ P (n)

max

D̃n � 0.

(10)

Note that the objective function of this minimization problem
is convex in D̃n, the constraint D̃n � 0 represents the convex
cone of positive semidefinite matrices, and the constraints
Tr(E(n)

1 D̃n) ≤ Bn and Tr(E(n)
2 D̃n) ≤ P

(n)
max are linear

constraints. Therefore, this problem is a convex optimization
problem, and we can solve this minimization problem by
solving its Lagrangian dual problem.

Associating Hermitian matrix Π to the constraint D̃n � 0,
ν to the constraint Tr(E(n)

1 D̃n) ≤ Bn, and μ to the constraint
Tr(E(n)

2 D̃n) ≤ P (n)
max, we can write the Lagrangian as

g(Π, ν, μ) = min
D̃n

�
1
2

���D̃n −Dn

���
2

F
− Tr(Π†D̃n)

+ν
�
Tr[E(n)

1 D̃n]−Bn

�
+ μ

�
Tr[E(n)

2 D̃n]− P (n)
max

��
.(11)

Since g(Π, ν, μ) is a convex quadratic function in D̃n and D̃n

becomes unconstrained after moving the positive semidefinite
constraint to the objective function, we can compute the
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minimizer of (11) by simply setting the derivative of (11) to
zero, i.e.,

(D̃n −Dn)−Π† + νE(n)
1 + μE(n)

2 = 0.

Noting that Π† = Π, we have

D̃n = Dn + Π− νE(n)
1 − μE(n)

2 . (12)

Substituting D̃n into (11), we have

g(Π, ν, μ) =
1
2

���Π− νE(n)
1 − μE(n)

2

���
2

F
− νBn − μP (n)

max

+Tr
��
νE(n)

1 + μE(n)
2 −Π

� �
Dn + Π− νE(n)

1 − μE(n)
2

��

= −1
2

���Dn − νE(n)
1 − μE(n)

2 + Π
���

2

F
− νBn − μP (n)

max

+
1
2
‖Dn‖2

F .

Therefore, the Lagrangian dual problem can be written as

Maximize − 1
2

���Dn − νE(n)
1 − μE(n)

2 + Π
���

2

F

−νBn − μP (n)
max + 1

2‖Dn‖2
F

subject to Π � 0, ν ≥ 0, μ ≥ 0.

(13)

After solving (13) and by saddle-point optimality condition,
we have the optimal solution to the primal problem as:

D̃∗
n = Dn − ν∗E(n)

1 − μ∗E(n)
2 + Π∗, (14)

where ν∗, μ∗ and Π∗ are the optimal solutions to Lagrangian
dual problem in (13).

From matrix theory, we know that the eigenvalues of a
Hermitian matrix A ∈ Cn×n are real. Suppose that we sort
these eigenvalues of A, denoted by λi, i = 1, . . . , p, in non-
increasing order, i.e., λ1 ≥ λ2 ≥ . . . ≥ λn, and perform
eigenvalue decomposition on A yielding A = UADiag{λi :
i = 1, . . . , p}U†

A. In this decomposition, UA is the unitary
matrix formed by the eigenvectors corresponding to the non-
increasing eigenvalues. Then, we have the positive semidefi-
nite and negative semidefinite projections of A as follows:

A+ = UADiag{max{λ1, 0}, . . . ,max{λp, 0}}U†
A, (15)

A− = UADiag{min{λ1, 0}, . . . ,min{λp, 0}}U†
A. (16)

The proof of the results in (15) and (16) is a straightforward
application of Moreau decomposition [14] by noting that
A+ � 0, A− 
 0, 〈A+,A−〉 = 0, A+ + A− = A, and
the positive semidefinite cone and negative semidefinite cone
are polar cones to each other.

Now we consider the term Dn−νE(n)
1 −μE(n)

2 +Π, which
is the only term involving Π in the dual objective function.
We can rewrite it as Dn − νE(n)

1 − μE(n)
2 − (−Π), where

we note that −Π 
 0. Finding a negative semidefinite matrix
−Π such that ‖Dn−νE(n)

1 −μE(n)
2 − (−Π)‖F is minimized

is equivalent to finding the projection of Dn−νE(n)
1 −μE(n)

2
onto the negative semidefinite cone. From our previous dis-
cussion, we have

−Π =
�

Dn − νE(n)
1 − μE(n)

2

�

−
. (17)

Substituting (17) back to the Lagrangian dual objective func-
tion, we have

min
Π

���Dn − νE(n)
1 − μE(n)

2 + Π
���

F

=
�

Dn − νE(n)
1 − μE(n)

2

�

+
.

Thus, the matrix variable Π in the Lagrangian dual problem
can be solved and the Lagrangian dual problem (13) can be
simplified to

Maximize ψ(ν, μ) � − 1
2‖(Dn − νE(n)

1 − μE(n)
2 )+‖2

F

−νBn − μP (n)
max + 1

2‖Dn‖2
F

subject to ν ≥ 0, μ ≥ 0.

Suppose that after performing eigenvalue decomposition on
Dn, we have Dn = UnΛnU†

n, where Λn is the diagonal
matrix formed by the eigenvalues of Dn, Un is the unitary ma-
trix formed by the corresponding eigenvectors. From the fact
that E(n)

1 = UnE(n)
1 U†

n and E(n)
2 = UnE(n)

2 U†
n, we have

(Dn − νE(n)
1 − μE(n)

2 )+ = Un(Λn − νE(n)
1 − μE(n)

2 )+U†
n.

Since Un is unitary, we have ‖(Dn− νE(n)
1 −μE(n)

2 )+‖2
F =

‖(Λn − νE(n)
1 − μE(n)

2 )+‖2
F . In particular, we denote the

eigenvalues in Λn corresponding to Wn and Qn by λ
(Wn)
i

and λ(Qn)
j , respectively, and sort the eigenvalues in these two

groups in non-increasing order as follows:

Λn = Diag{λ(Wn)
1 , . . . , λ

(Wn)
|O(n)|, λ

(Qn)
1 , . . . , λ

(Qn)
|O(n)|×nt

},

where λ(Wn)
1 ≥ . . . ≥ λ(Wn)

|O(n)| and λ(Qn)
1 ≥ . . . ≥ λ(Qn)

|O(n)|×nt
.

It then follows that

‖(Λn − νE(n)
1 − μE(n)

2 )+‖2
F

=
|O(n)|�

i=1

�
max

�
0, λ(Wn)

i − ν
��2

+
|O(n)|nt�

j=1

�
max

�
0, λ(Qn)

j − μ
��2

. (18)

From (18), we have

ψ(ν, μ) = −1
2

|O(n)|�

i=1

�
max

�
0, λ(Wn)

i − ν
��2

−νBn − 1
2

|O(n)|nt�

j=1

�
max

�
0, λ(Qn)

j − μ
��2

−μP (n)
max +

1
2
‖Dn‖2

F

= ψ(ν) + ψ(μ) +
1
2
‖Dn‖2

F , (19)

where ψ(ν) � − 1
2

�|O(n)|
i=1 (max{0, λ(Wn)

i − ν})2− νBn and
ψ(μ) � − 1

2
�|O(n)|nt

j=1 (max{0, λ(Qn)
j − μ})2 − μP (n)

max, i.e.,
we separate ψ(ν, μ) into two parts. It can be readily verified
that ψ(ν, μ) is continuous and piece-wise concave in ν and μ.
Generally, piece-wise concave maximization problems can be
solved by subgradient method. In this problem, it is easy to
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derive the subgradients with respect to ν and μ as follows:

∂ψ

∂ν
=

|O(n)|�

i=1

max
�
0, λ(Wn)

i − ν
�
−Bn,

∂ψ

∂μ
=

|O(n)|×nt�

j=1

max
�

0, λ(Qn)
j − μ

�
− P (n)

max.

However, due to the heuristic nature of its step size selection
strategy, subgradient algorithm usually does not perform well.
In fact, since ψ(ν, μ) is piece-wise quadratic and separable,
we can solve ψ(ν, μ) by exploiting this special structure.

For example, we can start searching the optimal value
of ν as follows. We use Î to index the pieces of ψ(ν),
Î = 0, 1, . . . , |O (n) |. Initially we set Î = 0 and in-
crease Î subsequently. Also, we introduce λ(Wn)

0 = ∞ and
λ

(Wn)
|O(n)|+1 = −∞. If Î = 0, we let endpoint objective value

ψÎ

�
λ

(Wn)
0

�
= 0, φ∗ = ψÎ

�
λ

(Wn)
0

�
, and let ν∗ = λ

(Wn)
0 .

If Î > |O (n) |, the search stops. For a particular index Î ,

suppose that ν ∈
�
λ

(Wn)
Î+1

, λ
(Wn)
Î

�
∩ R+, where R+ denotes

the set of non-negative real numbers. Solve ν∗
Î

by setting

∂

∂ν
ψÎ(ν) � ∂

∂ν

⎛

⎝−1
2

Î�

i=1

�
λ

(Wn)
i − ν

�2
− νBn

⎞

⎠ = 0,

and we have

ν∗
Î

=
�Î

i=1 λ
(Wn)
i −Bn

Î
. (20)

Now we consider the following two cases:
1) If ν∗

Î
∈ [λ(Wn)

Î+1
, λ

(Wn)
Î

] ∩ R+, then we have already
found the optimal solution for ν because ψ(ν, μ) is
continuous concave quadratic in ν, and the point with
zero-value first derivative, if exists, must be the unique
global maximum solution. Thus, we can let ν∗ = ν∗

Î
and the search is done.

2) If ν∗
Î
/∈ [λ(Wn)

Î+1
, λ

(Wn)
Î

] ∩ R+, we must have that the

local maximum in the interval [λ(Wn)
Î+1

, λ
(Wn)
Î

] ∩ R+ is
achieved at one of the two end points. We note that the
objective value ψÎ

�
λ

(Wn)
Î

�
has been computed in the

previous iteration. This is because from the continuity
of the objective function, we have ψÎ

�
λ

(Wn)
Î

�
=

ψÎ−1

�
λ

(Wn)
Î

�
. Thus, we only need to compute the

objective value ψÎ

�
λ

(Wn)
Î+1

�
of another endpoint. If

ψÎ

�
λ

(Wn)
Î+1

�
< ψÎ

�
λ

(Wn)
Î

�
= φ∗, then we know

ν∗ is the optimal solution; else let ν∗ = λ
(Wn)
Î+1

,

φ∗ = ψÎ

�
λ

(Wn)
Î+1

�
, let Î ← Î + 1 and continue.

Since there are |O (n) |+1 intervals, the search process takes
at most |O (n) | + 1 steps to find the optimal solution ν∗.
Likewise, the search process for μ can be done in a similar
fashion.

After finding ν∗ and μ∗, we have

D̃∗
n =

�
Dn − ν∗E(n)

1 − μ∗E(n)
2

�

+

= Un

�
Λn − ν∗E(n)

1 − μ∗E(n)
2

�

+
U†

n, (21)

That is, the projection D̃n can be computed by adjusting
the eigenvalues of Dn using ν∗ and μ∗ and keeping the
eigenvectors unchanged.

The projection of Dn onto Ω+(n) is summarized in Algo-
rithm 2 and Algorithm 3.

Algorithm 2 Projection onto Ω+(n)
1. Construct a block diagonal matrix Dn. Perform eigenvalue decompos-

ition Dn = UnΛnU•
n; separate the eigenvalues in two groups

corresponding to Wn and Qn; sort them in non-increasing order within
each group, respectively.

2. For each group of eigenvalues, use Algorithm 3 to find the optimal dual
variables ν � and μ� .

3. Compute D̃n = Un(Λn − ν � E
(n)
1 − μ� E

(n)
2 )+U•

n.

Algorithm 3 Search the Optimal Dual Variable ν∗ and μ∗

Initiation:
Introduce λ0 = ∞ and λK = −∞. Let Î = 0. Let endpoint objective
ψ

Î
(λ0) = 0, φ� = ψ

Î
(λ0), and μ� = λ0.

Main Loop:
1. If Î > K , return μ� ; else let μ�

Î
= (

PÎ
j=1 λj − P )/Î .

2. If μ�
Î

∈ [λ
Î+1, λÎ

] ∩ R+, then let μ� = μ�
Î

and return μ� .
3. Compute ψ

Î
(λ

Î+1). If ψ
Î
(λ

Î+1) < φ� , then return μ� ; else let

μ� = λ
Î+1, φ� = ψ

Î
(λ

Î+1), Î ← Î + 1 and go to Step 1.

V. SOLVING THE LAGRANGIAN DUAL PROBLEM

A. A Cutting-Plane Method Based on Outer-Linearization

We briefly review the basic idea of cutting-plane method
as follows. Let z = Θ(u). The inequality z ≥�

f ln (sf ) +
�

l ul

�
Φl(Wl,Ql)− 〈1,XT el〉



must hold for

all (S,X,Q,W) ∈ Γ. Thus, the dual problem is equivalent
to

Minimize z
subject to z ≥�

f ln (sf ) +�
l ul

�
Φl(Wl,Ql)− 〈1,XT el〉




u ≥ 0,

(22)

where (S,X,Q,W) ∈ Γ. However, (22) is a linear program
with infinite constraints not known explicitly. Instead, we can
consider the following approximating problem:

Minimize z

subject to z ≥�
f ln

�
s

(j)
f

�
+

�
l ul

�
Φl(W

(j)
l ,Q(j)

l )− 〈1,X(j)T el〉
�

u ≥ 0,

(23)

where the points (S(j),X(j),Q(j),W(j)) ∈ Γ, for j =
1, . . . , k − 1. The problem in (23) is a linear program with
a finite number of constraints and can be solved efficiently.
Let (z(k),u(k)) be an optimal solution to the approximating
problem, which we refer to as the master program. If the
solution is feasible to (22), then it is an optimal solution to
the Lagrangian dual problem. To check feasibility, we consider
the following subproblem:

Maximize
�

f ln (sf )+
�

l u
(k)
l

�
Φl(Wl,Ql)− 〈1,XT el〉




subject to (S,X,Q,W) ∈ Γ.
(24)
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Suppose that(S(k) , X (k) , Q(k) , W (k) ) is an optimal solution
to the subproblem (24) and� � (u(k) ) is the corresponding
optimal objective value. Ifzk � � � (u(k) ), then u(k) is an
optimal solution to the Lagrangian dual problem. Otherwise,
for u = u(k) , the inequality constraint in (22) is not satisÞed
for (S(k) , X (k) , Q(k) , W (k) ). Thus, we can add the constraint

z �
�

f

ln
�

s(k)
f

�

+
�

l

ul

�
� l (W

(k)
l , Q(k)

l ) Š � 1, X (k)T el �
�

(25)

to (23), and solve the master linear program again. Obviously,
(z(k) , u(k) ) violates (25) and will be cut off by (25). The
cutting plane algorithm is summarized in Algorithm 4.

Algorithm 4 Cutting Plane Algorithm for SolvingD CRPBA

Initialization:
Find a point(S(0) , X (0) , Q (0) , W (0) ) � � . Let k = 1 .

Main Loop:
1. Solve the master program in (23). Let(z( k ) , u ( k ) ) be an optimal

solution.
2. Solve the subproblem in (24). Let(S( k ) , X ( k ) , Q ( k ) , W ( k ) ) be an

optimal point, and let� � (u ( k ) ) be the corresponding optimal objec-
tive value.

3. If z( k ) � �( u ( k ) ), then stop withu ( k ) as the optimal dual solution.
Otherwise, add the constraint (25) to the master program, replacek

by k + 1 , and go to Step 1.

B. Subgradient-Based Mechanism

Since the dual objective function is piece-wise differentiable
[9], subgradient method can be used to solve the master dual
problem. Subgradient algorithm for minimization problems is
a generalization of steepest descent algorithm in which the
negative gradient direction is replaced by a suitable negative
subgradient direction. For�( u), starting with an initialu(0)

and after evaluating subproblems� net (u) and � link Š phy (u)
for u(k) in the k-th iteration, we update the dual variables by

u(k+1) =
�
uk Š sk d(k)

�

+
. (26)

In (26), the operator[·]+ projects a vector onto the nonnegative
orthant, andsk denotes a positive scalar step size.d(k) is a
subgradient of the Lagrangian at pointu(k) . Although it has
been shown in [9] that the subgradient algorithm converges if
the step sizesk satisÞes sk � 0 ask � � ,

� �
k=0 sk = � ,

and
� �

k=0 s2
k < � , one has to carefully select the step size

to avoid stalling and accelerate the convergence. It is shown
in [9] that the best choice of the step sizesk is

sk =
� k [�( u(k) ) Š ��]

� dk �
, (27)

where� k > 0 and �� is an estimate of the optimal value of
� . However, this optimal step size selection strategy requires
global information and the estimation of� , which is difÞ-
cult in implementation. Another possible step size selection
strategy is the divergent harmonic series

�
��

k=1

1
k

= � . (28)

For the dual master problem, the subgradient for the La-
grangian dual problem is

d(k)
l = � l (Q� (u)) Š � 1, X � (u)T el � , l = 1 , 2, . . . , L. (29)

It is worth pointing out that the dual variablesu(k) can
be economically interpreted as “prices” of the links during
the k-th iteration. The subgradientsd(k) indicates the excess
capacities of the links during thek-th iteration. The dual
updating scheme of the subgradient algorithm can be viewed
as a pricing scheme. When a link, say linkk, is under-utilized,
then d(k)

l > 0. From (26), we can see that the price of link
k will be reduced. On the other hand, when linkk is over-
utilized, thend(k)

l < 0. Again, from (26), it can be seen that
the price of that linkk will be increased. The subgradient
algorithm is summarized in Algorithm 5.

Algorithm 5 A Subgradient Algorithm for Solving MWSR
Initialization:

Choose the initial starting pointsu (0) . Let k = 0 .
Main Loop:

1. Compute(S( k ) , X ( k ) , Q ( k ) , W ( k ) ) by solving the network layer
and link layer subproblems.

2. Choose an appropriate step sizesk . Compute the subgradientd ( k )

using (29) with(S( k ) , X ( k ) , Q ( k ) , W ( k ) ).
3. Update dual variablesu ( k ) using (26) withd ( k ) .
4. If 	 u ( k +1) Š u ( k ) 	 < � , then return(S( k ) , X ( k ) , Q ( k ) , W ( k ) ) as

the Þnal optimal solution and stop. Otherwise, letk � k + 1 and

go to Step 1.

C. Recovering Primal Optimal Solution

Thus far, we have investigated the procedures for solving
the Lagrangian dual problem. During the course of solving
the dual problem, the following problem, which is used to
evaluate�( u) at u, needs to be solved:

Maximize
�

f ln (sf ) +�
l ul

�
� l (Wl , Ql ) Š � 1, X T el �




subject to (S, X , Q, W ) � � .
(30)

Suppose that(S� , X � , Q� , W � ) is an optimal solution to (30).
If (S� , X � , Q� , W � ) is also feasible to the primal problem
and(u� )T

�
� l (Wl , Ql ) Š � 1, X T el �



= 0 , then it is clear that

(S� , X � , Q� , W � , u� ) is a saddle point and(S� , X � , Q� , W � )
solves the primal problem. However,(S� , X � , Q� , W � ) may
not be feasible to the primal problem in general since it only
solves (30), a problem related but different to the primal
problem. Therefore, extra effort has to be taken to recover
a primal optimal solution when the saddle point conditions do
not hold.

Toward this end, suppose that(S( j ) , X ( j ) , Q( j ) , W (j ) ), for
j = 1 , 2, . . . , k are the optimal solution of (30) foru = u(j ) .
Now, let us consider the following linear programming prob-
lem:

Maximize
� k

j =0 � j
� F

f =1 log(s( j )
f )

subject to
� k

j =0 � j

�
� 1, X ( j )T el � Š � l (W

(j )
l , Q( j )

l )
�

� 0, 
 l
� k

j =0 � j (S( j ) , X ( j ) , Q( j ) , W (j ) ) � �
� k

j =0 � j = 1
� j � 0, 
 j.

(31)
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We have the following theorem for recovering a primal feasi-
ble near-optimal solution.

Theorem 1:Let � �
j , for j = 1 , . . . , k be an

optimal solution to (31). Then (S̄, X̄ , Q̄, W̄ ) =� k
j =1 � j (S( j ) , X ( j ) , Q( j ) , W (j ) ) is a feasible solution

to the primal problem. Furthermore, let̄V be the
objective value corresponding to (S̄, X̄ , Q̄, W̄ ),
Vk =

� k
j =0 � �

j

� F
f =1 log(s( j )

f ), and V � be the true
primal optimal objective value. If�( u) Š V̄ � � for some
u � 0, thenV̄ � V � Š � .

Proof: Since the function �1, X T el � Š � l (Wl , Ql )
is convex, we have that� 1, X̄ T el � Š � l (W̄l , Q̄ l ) �� k

j =0 � �
j (� 1, X ( j )T el � Š � l (W

(j )
l , Q( j )

l )) � 0. Thus,
(S̄, X̄ , Q̄, W̄ ) is feasible to the primal problem. Noting the
concavity of

�
log(·), we have

V̄ �
k�

j =0

� �
j

F�

f =1

log(sf,j ) = Vk � �( u) Š � � V � Š �.

This completes the proof.
It is worth pointing out that there is no need to solve (31)

separately when we use the cutting-plane method to solve the
Lagrangian dual problem. This is because (31) is precisely the
linear programming dual of (23). As a result, the values of� j

are immediately available after we solve (23).

VI. D ISTRIBUTED IMPLEMENTATION

As mentioned earlier, the Lagrangian dual problem is
solvable by subgradient algorithm. Although the original
motivation in applying subgradient algorithm is the non-
differentiability of Lagrangian dual objective function (piece-
wise concave/convex function in general), weÞnd that the
subgradient method has the additional advantage of being
amenable to distributed implementation. SpeciÞcally, the sub-
gradient method has the following properties.

€ Subgradient computation only requires local trafÞc infor-
mation �1, X T el � and the available link capacity infor-
mation� l (Wl , Ql ) at each linkl . The subgradient can be
computed as� �( u)/�u l = � l (Wl , Ql ) Š � 1, X T el � . In
this case, subgradient only involves local variablesWl ,
Ql , and X T el at each link and thus can be computed
locally.

€ The choice of step sizes can be chosen as� k = �/k ,
k = 1 , 2, . . ., where 0 < � � 1 is a predeÞned
constant. This step size choice obviously satisÞes the
convergence conditions. This choice of step size depends
only on the iteration indexk (can be deÞned as some
function of elapsed time), and does not require any other
global knowledge. In conjunction with theÞrst property,
the dual variable, in the iterative form ofu(k+1)

l =
u(k)

l + � k (� � l (u)/�u l ), can also be computed locally.
€ The objective functions � link Š phy and � net can

be decomposed such that each node in the net-
work can perform the computation locally. Recall
that the link layer subproblem is: Max� link Š phy �� L

l =1 ul Cl (Ql ) s.t.
�

l �O (n ) Tr { Ql } � Pmax , Ql �
0, 
 l , whereO (n) denotes the set of outgoing links from
noden. For this subproblem, it is not hard to see that it

Algorithm 6 Distributed Implementation
Initialization:

Initialize the iteration indexk = 0 , and choose initial values foru(0)
l ,

for all l .
Main Loop:

1. Each node independently solves the decomposed link layer subprob-
lem in (32). After that, each node independently updates dual variables
ul for all its outgoing links using (26) (where the step size and
subgradient computation follow (28) and (29)) and broadcast them to
its next hop neighbor.

2. Upon receiving some dual information from other neighbors, each
node relays it to its next hop neighbor excluding the node where this
information comes from.

3. Upon receiving all links’ dual informationu , each source node solves
the decomposed network layer subproblem in (33). After that, each
source nodef performs source routing and store these routing
information x( f )

l , � l in the header.
4. Upon receiving the source routing information, each intermediate

node routes the packets according to the routing informationx( f )
l in

the header.
5. Based on current values of dual variablesu( k )

l and the iteration

numberk, computeu( k +1)
l . If u( k +1)

l Š u( k )
l < � , or k has reached

a predeÞned number of iterations, the algorithm stops. Otherwise, let

k � k + 1 and go to Step 1.

can be decomposed into a set of new subproblems at each
noden of the following form:

Maximize � (n )
link Š phy � ul Cl (Ql )

subject to
�

l �O (n ) Tr { Ql } � Pmax

Ql � 0, l � O (n) .
(32)

The original dual link layer subproblem can then be trans-
formed to � link Š phy =

� N
n =1 � (n )

link Š phy . This suggests

that the optimization of each problem� (n )
link Š phy in (32)

only requires local information of channel gains (all out-
going links from noden) and the locally-computed dual
variableul . Thus, the link layer subproblem can be solved
distributively. Likewise, for the network layer subproblem
(i.e., Max � net �

� F
f =1 ln(sf ) Š

�
l ul � 1, X T el � , s.t.

ßow balance constraints for allßows), we may decom-
pose it into a set of subproblems based on the source
node of each sessionf :

Maximize � ( f )
net � ln(sf ) Š

�
l ul � 1, X T el �

subject to ßow balance constraints forßow f.
(33)

The original network layer subproblem can then be
simply transformed to� net =

� F
f =1 � ( f )

net . Again, this

suggests that the optimization of each problem� (f )
net in

(33) only requires the locally-computed dual variableul

for the links. In each iteration, all links can send the
locally-computed dual information back to the source
node of each session. As a result, the network layer
subproblem can be solved in a distributed fashion.

The key steps in this distributed algorithm include:

1) Initialize the iteration indexk = 0 , and choose initial
values foru(0)

l , for all l .
2) At node n, based on the current dual informationul ,

wherel � O (n), noden can solve the decomposed link
layer subproblem in (32). After that, noden updates
dual variablesul for all its outgoing links using (26)
(where the step size and subgradient computation follow
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Fig. 1. Network topology of a 15-node ad hoc network.

(28) and (29)) and broadcast them to its next hop
neighbor. In the meantime, upon receiving some dual
information from other neighbors, noden relays it to
its next hop neighbor excluding the node where this
information comes from. Since the network is assumed
to be connected, these dual information will eventually
reach each source node.

3) At source nodef , upon receiving all links’ dual infor-
mationu, nodes solves the decomposed network layer
subproblem in (33). After that, source nodef has an
updatedßow rate sf and updated routing information
x(f )

l , 
 l . Then, sourcen shall be able to do source
routing and store these routing informationx(f )

l , 
 l in
the packet headers.

4) Upon receiving the source routing information, each
intermediate noden will route the packets according
to the routing informationx(f )

l in the packet header.
5) Based on current values of dual variablesu(k)

l and the
iteration numberk, computeu(k+1)

l . If u(k+1)
l Š u(k)

l <
� , or k has reached a predeÞned number of iterations, the
algorithm stops. Otherwise, letk = k + 1 and continue.

The distributed implementation of subgradient algorithm is
summarized in Algorithm 6.

VII. N UMERICAL RESULTS

In this section, we present some pertinent numerical results
for our solution procedure. WeÞrst describe our simulation
settings. As shown in Fig. 1, we have15 nodes uniformly
distributed in a square region of1200m × 1200m. Each node
in the network is equipped with two antennas. The maximum
transmit power for each node is set toPmax = 20 dBm (100
mW). The path loss index is3. The total bandwidth at each
node is20 MHz. There are three sessions in the network: node
14 to node 1, node 6 to node 10, and node 5 to node 4.

After executing our solution procedure, weÞnd that the
optimal rates for these three sessions ares1 = 125 Mb/s,
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Fig. 2. Routing andßow rates of session 1 (in Mb/s).
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Fig. 3. Routing andßow rates of session 2 (in Mb/s).

s2 = 190.6 Mb/s, ands3 = 258 Mb/s. The routings andßow
rates of sessions 1, 2, and 3 are shown in Fig. 2, Fig. 3, and
Fig. 4, respectively. TheseÞgures show thatßow routings for
sessions 1, 2, and 3 are all multi-path and multi-hop. It can
easily be veriÞed that theßow rates in Figures 2, 3, and 4
satisfyßow conservation.

Denote W(i,j ) and Q(i,j ) the bandwidth allocation and
power allocation for the transmission from nodei to node
j . Table I shows the optimal bandwidth allocation of the
network. Table II shows the optimal power allocation of the
network. In Table I, the value in each cell represents the
fraction of total bandwidth of the link’s transmitting node.
For example,W(11 ,7) = 0 .23 means that 0.23 of N11’s total
bandwidth is allocated to the transmission from N11 to N7.
In Table II, each cell with four entries corresponds to a
2× 2 Q matrix, which represents a power allocation. Take the
transmission from N11 to N7 for example,Q(11 ,7) in Table II
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Fig. 4. Routing and flow rates of session 3 (in Mb/s).

says that the power allocations to the two antennas at N11
are 11.83 mW and 12.10 mW. Also, the signals sent through
these two antennas, denoted by x1 and x2, should also be
correlated with power E[x1x

†
2] = (−0.25 + 0.01i) mW and

E[x2x
†
1] = (−0.25− 0.01i) mW.

It can be observed from Table I and Table II that not
every node allocates its full power and total bandwidth for its
outgoing links. For example, N14 has only one outgoing link
(14, 7). We can see that W(14,7) = 0.71 and Tr(Q(14,7)) =
79.47 mW, which shows N14 does not transmit at full power
and utilize all of its assigned bandwidth. This is due to the
existence of bottleneck nodes in the network. Even if the
non-bottleneck nodes increase the total transmit power and
bandwidth, it will not help increase its session rate because the
end-to-end session rate is bounded by the minimum bottleneck
link along the path. In this network, it can be verified that
N3, N7, N11, and N12 are bottleneck nodes. For example,
at N11, W(11,3) + W(11,5) + W(11,7) + W(11,12) = 1 and
Tr(Q(11,3))+Tr(Q(11,5))+Tr(Q(11,7))+Tr(Q(11,12)) = 100
mW. This means that the power and bandwidth at N11 has
been fully utilized and cannot be further increased.

We plot the convergence behavior of gradient projection
algorithm for the link-physical layer subproblem (with dual
variable u = 1) in Fig. 5. It can be seen that GP takes
28 iterations to converge to the maximum objective value of
Θlink−phy(u) with u = 1.

The convergence process of the Lagrangian dual problem
is illustrated in Fig. 6. The step size selection strategy for the
distributed subgradient is λk = 0.1

k . In this figure, “Dual UB”
denotes the current objective value of the Lagrangian dual
function, which can be thought of as an upper bound of the
primal objective value. “Primal Feasible Solution” denotes the
current primal feasible solution recovered from the Lagrangian
dual, which can be thought of as a lower bound of the optimal
primal objective value. During each iteration, the cutting-
plane and subgradient methods each solve the Lagrangian dual
problem. The upper bounds of the optimal objective value are

non-increasing with iterations. Meanwhile, the primal feasible
objective values keep increasing with iterations. As expected,
the upper bounds and the lower bound converge and give
the optimal solution, as shown in this figure. We find that
for this 15-node ad hoc network, centralized cutting-plane
algorithm and distributed subgradient algorithm converge in
approximately 115 iterations and 160 iterations, respectively.
The optimal value of the network utility function is 6.64 (in
log(b/s/Hz)).

For performance gain comparison, we compare the heuristic
strategy discussed in [6], which uses equal power allocation
and equal bandwidth allocation to all the outgoing links at each
node, which yields an objective value of 3.01. In comparison,
the performance gap to our optimal value (6.64) is significant.

VIII. RELATED WORK

In this section, we give a synopsis of related work on MIMO
for single and multi-hop wireless networks. For single-hop,
there is much research on MIMO-based systems for cellular
networks [15]–[20]. In this setting, there are two types of
channels: the MIMO multiple access channel (MIMO-MAC),
which is associated with “uplinks,” and the MIMO broadcast
channel (MIMO-BC), which is associated with “downlinks.”
In [20], Yu et al. showed that the maximum sum rate of
MIMO-MAC can be solved via the so-called “Iterative Water-
Filling” method by exploiting the nice convexity structure of
the problem. Very recently, Weingarten et al. [21] showed that
the capacity region for MIMO-BC coincides with “dirty-paper
coding” (DPC) rate region [22]. In particular, it was shown
that there is a nice duality between MIMO-BC and MIMO-
MAC [23]–[25]. By exploiting this duality, the non-convex
capacity region problem of MIMO-BC can be computed by
solving an equivalent MIMO-MAC problem under a power
sum constraint [16]–[18], [26], [27].

For multiuser MIMO-based single-hop ad hoc networks
(i.e., without any infrastructure), the maximum sum rate prob-
lem becomes much more challenging due to its non-convex
nature. In [28], Jorswieck and Boche analyzed the worst-case
performance of a multiuser MIMO system with interference.
In [29], [30], Demirkol and Ingram introduced an iterative
(trial-and-error) method based on stream control for some
simple network topologies. In [31], Sundaresan et al. proposed
a MAC control scheme along ideas similar to those in [29],
[30]. In [32], Chen and Gans analyzed the asymptotic behavior
of network spectral efficiency with L simultaneous co-channel
transmission pairs. They showed that, in the absence of
channel state information (CSI) at the transmitters, the network
asymptotic spectral efficiency is limited by nr nats/s/Hz as
L → ∞, and at least nt + nr + 2

√
nt · nr nats/s/Hz when

CSI is available at the transmitters. In contrast to asymptotic
analysis, in [11], Ye and Blum studied a finite-sized network
and designed algorithms to find local optimal solutions.

For MIMO-based multi-hop ad hoc networks, research
results remain limited. In [33], Hu and Zhang studied the
joint problem of MAC and routing, with a consideration
of optimal hop distance to minimize end-to-end delay. In
[34], Sundaresan and Sivakumar used simulations to study
various characteristics and tradeoffs (multiplexing gain vs.
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TABLE I
BANDWIDTH ALLOCATION OF THE 15-NODE NETWORK (×20 MHZ).

W(1,4) 0.71 W(4,1) 0.44 W(2,9) 0.24 W(9,2) 0.35 W(2,12) 0.41 W(12,2) 0.18 W(2,15) 0.24
W(15,2) 0.40 W(3,4) 0.17 W(4,3) 0.24 W(3,8) 0.14 W(8,3) 0.24 W(3,11) 0.23 W(11,3) 0.22
W(3,12) 0.20 W(12,3) 0.24 W(3,13) 0.25 W(13,3) 0.21 W(4,12) 0.24 W(12,4) 0.18 W(5,7) 0.38
W(7,5) 0.20 W(5,11) 0.53 W(11,5) 0.21 W(6,9) 0.37 W(9,6) 0.29 W(6,15) 0.45 W(15,6) 0.24
W(7,10) 0.30 W(10,7) 0.24 W(7,11) 0.22 W(11,7) 0.23 W(7,13) 0.15 W(13,7) 0.18 W(7,14) 0.14
W(14,7) 0.71 W(8,10) 0.27 W(10,8) 0.24 W(8,13) 0.26 W(13,8) 0.18 W(9,15) 0.34 W(15,9) 0.26
W(10,13) 0.24 W(13,10) 0.33 W(11,12) 0.34 W(12,11) 0.39

TABLE II
POWER ALLOCATION IN THE 15-NODE AD HOC NETWORK (MW).

Q(1,4)
35.46 0.00 − 0.00i

0.00 + 0.00i 35.46 Q(4,1)
21.84 −0.09 + 0.02i

−0.09 − 0.02i 21.87 Q(2,9)
11.82 0.00 − 0.00i

0.00 + 0.00i 11.82

Q(9,2)
17.23 −0.09 + 0.10i

−0.09 − 0.10i 17.47 Q(2,12)
24.51 −0.08 − 0.08i

−0.08 + 0.08i 23.98 Q(12,2)
8.87 0.00 − 0.00i

0.00 + 0.00i 8.87

Q(2,15)
11.82 0.00 − 0.00i

0.00 + 0.00i 11.82 Q(15,2)
20.58 −0.01 + 0.16i

−0.01 − 0.16i 20.50 Q(3,4)
8.90 0.01 + 0.00i

0.01 − 0.00i 8.91

Q(4,3)
11.82 0.000 − 0.000i

0.00 + 0.00i 11.82 Q(3,8)
7.36 0.10 + 0.01i

0.10 − 0.01i 7.23 Q(8,3)
12.18 0.00 − 0.00i

0.00 + 0.00i 12.15

Q(3,11)
11.37 0.00 + 0.33i

0.00 − 0.33i 12.04 Q(11,3)
10.76 0.00 + 0.00i

0.00 − 0.00i 10.70 Q(3,12)
9.60 0.13 − 0.18i

0.13 + 0.18i 10.27

Q(12,3)
11.75 0.00 − 0.00i

0.00 + 0.00i 11.73 Q(3,13)
12.22 0.35 + 0.69i

0.35 − 0.69i 12.09 Q(13,3)
11.09 −0.03 − 0.05i

−0.03 + 0.05i 11.08

Q(4,12)
11.82 0.00 − 0.00i

0.00 + 0.00i 11.82 Q(12,4)
9.22 0.04 − 0.09i

0.04 + 0.09i 9.25 Q(5,7)
19.62 −0.01 − 0.08i

−0.01 + 0.08i 19.68

Q(7,5)
9.54 0.00 − 0.04i

0.00 + 0.04i 9.51 Q(5,11)
26.56 −0.10 − 0.14i

−0.10 + 0.14i 26.90 Q(11,5)
10.42 0.01 − 0.12i

0.01 + 0.12i 10.39

Q(6,9)
21.22 0.00 − 0.00i

0.00 + 0.00i 21.22 Q(9,6)
14.78 −0.10 − 0.08i

−0.10 + 0.08i 14.55 Q(6,15)
22.84 0.21 + 0.14i

0.21 − 0.14i 23.24

Q(15,6)
11.82 0.00 − 0.00i

0.00 + 0.00i 11.82 Q(7,10)
14.19 −0.05 − 0.09i

−0.05 + 0.09i 13.82 Q(10,7)
11.82 0.00 − 0.00i

0.00 + 0.00i 11.82

Q(7,11)
12.48 1.15 − 0.43i

1.15 + 0.43i 11.21 Q(11,7)
11.83 −0.25 − 0.01i

−0.25 + 0.01i 12.10 Q(7,13)
7.54 0.12 − 0.02i

0.12 + 0.02i 7.51

Q(13,7)
8.87 0.00 − 0.00i

0.00 + 0.00i 8.87 Q(7,14)
7.10 0.00 − 0.00i

0.00 + 0.00i 7.10 Q(14,7)
39.76 0.19 + 0.04i

0.19 − 0.04i 39.71

Q(8,10)
15.00 0.05 − 0.05i

0.05 + 0.05i 14.95 Q(10,8)
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Fig. 5. Convergence behavior of gradient projection algorithms
for link-physical layer subproblem (for u = 1).
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Fig. 6. Convergence behavior of cutting-plane (centralized) and subgradient
(distributed) algorithms for the 15-node ad hoc network example.

diversity gain) of MIMO links that can be leveraged by
routing layer protocols in rich multi-path environments to
improve performance. In [35], Lee et al. proposed a distributed
algorithm for MIMO-based multi-hop ad hoc networks, where

diversity and multiplexing gains of each link are controlled to
achieve the optimal rate-reliability trade-off. They assumed
fixed SINRs and fixed routes between source and destination
nodes. In these efforts, node power control, per-antenna power
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allocation and their impact on upper layers are not considered.
It is also worth pointing out that the Lagrangian decompo-

sition framework has also been employed in other networking
problems in the literature. For example, in [36], Xiaoet al.
used a similar decomposition technique to solve simultaneous
routing and resource allocation problems. However, their rout-
ing setting is very different from ours and their link layer is
not MIMO-based. Due to the spatial dimension resulted from
MIMO, the link layer subproblem in this paper is different
and much more challenging.

IX. CONCLUSION

In this paper, we investigated the problem of cross-layer
optimization of routing, power allocation, and bandwidth
allocation for MIMO-based ad hoc networks. We developed a
mathematical solution procedure, which combines Lagrangian
decomposition, gradient projection, cutting-plane, and sub-
gradient methods. We showed the decomposable structure of
the Lagrangian dual problem and the details of our proposed
algorithms. We also presented a distributed implementation.
Our numerical results showedthat the performance gain by
the optimal cross-layer design is signiÞcant.
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