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Abstract

Multi-carrier MIMO (MC-MIMO) has emerged as a promising technology to provide signif-
icant capacity gain for broadband wireless ad hoc networks. However, due to the non-convex
and large-scale problem structure, little work has been done on power spectrum optimization to
harvest MC-MIMO’s capacity gain for broadband ad hoc networks. Our principal goal in this
work is to fill this challenging gap. First, we make advance in general non-convex optimization
theory by showing a surprising result that the duality gap of a certain class of non-convex
optimization problems is zero if they satisfy the “concave perturbation” condition. Further, we
show that the power spectrum optimization problem of MC-MIMO ad hoc networks satisfies
the concave perturbation condition. This important result allows us to tackle the problem
with a much lower complexity in the dual domain, where we design efficient centralized and
distributed algorithms based on complete knowledge of channel distribution information (CDI).

To further eliminate the requirement of complete CDI knowledge, we devise an online
adaptive algorithm by stochastic approximation. We show that, when the feedback of channel
state information (CSI) is error free, our proposed subgradient stochastic approximation (SSA)
algorithm converges with probability one to the same optimal solution obtained by the off-line
algorithm. In the case where there is error in CSI, we show that SSA can still converge with
probability one to the same optimal solution if the resultant subgradients are asymptotically
unbiased, or is recurrent to some neighborhood of the optimal solution when the resultant
subgradients are biased.

1 Introduction

1.1 Motivation

Multiple-input multiple-output (MIMO) and multi-carrier systems are two new technologies that

have received the most attention in recent years. By employing multiple antennas on both sides

*Please direct all correspondence to Prof. Thomas Hou, The Bradley Department of Electrical and Computer
Engineering, 302 Whittemore Hall (0111), Virginia Tech, Blacksburg, VA, 24061, USA. Phone: +1-540-231-2950;
Fax: +1-540-231-8292; Email: thou@vt.edu, URL: http://www.ece.vt.edu/thou/index.html.



of a wireless channel, MIMO can improve the spectral efficiency of narrowband communications
by multiple-fold. On the other hand, multi-carrier techniques (e.g., orthogonal frequency-division
multiple access (OFDMA)) offer an effective mechanism for communications over broadband wireless
channels. Thus, it is not surprising to see that the combination of MIMO and multi-carrier systems
is becoming an enabling technology for next generation broadband wireless networks [7].

Recently, there has been a surge of research interest in multi-carrier MIMO (MC-MIMO) tech-
nology at the physical layer (see, e.g., [7,10,14-16, 18,22,26]). Roughly speaking, the basic idea of
MC-MIMO originates from the following holistic view: by partitioning the entire broadband spec-
trum that experiences frequency selective fading into multiple narrowband subcarriers, the fading
on each subcarrier can be considered frequency-flat, which is much easier to mitigate. Further, for
each narrowband subcarrier, MIMO can be employed to significantly increase the spectral efficiency.

Unfortunately, for wireless ad hoc networks, little work has been done so far on power spectrum
optimization, which is the key to harvest MC-MIMOQO’s significant capacity gain. This is perhaps due
to the fact that power spectrum optimization for MC-MIMO ad hoc networks is indeed challenging.
First, co-channel interferences among links (due to the lack of centralized infrastructure) in an
ad hoc network renders a non-convex mathematical structure for the power spectrum optimization
problem. To warrant optimality, state-of-the-art global optimization techniques (e.g., BB/RLT [17])
still have exponential complexity in K M matrix variables, where K and M denotes the number of
transmissions in the network and the number of subcarriers, respectively. In multi-carrier systems,
M is usually large (at least 128 and could be as large as 4096). Thus, an attempt to solve the
power spectrum optimization problem by global optimization is not feasible. Second, compared
to simple scalar channels in single antenna systems, power allocations are now performed over
complex matrix channels in time, frequency, and space domains. Optimal solutions need to be
searched in a much higher dimensional space. Finally, in MC-MIMO ad hoc networks, wireless
channel responses are not only frequency varying but also time varying. How to judiciously exploit
channel state information (CSI) to improve network performance is also very complicated. In light
of the increasingly compelling need of extending MC-MIMO to broadband ad hoc networks, one of

the major goals in this work is to fill this challenging gap and develop efficient and near-optimal



power spectrum optimization algorithms for MC-MIMO ad hoc networks.

In this paper, we consider optimizing power spectrum for a MC-MIMO ad hoc networks so
that the maximum weighted sum rate (MWSR) of the network is maximized. The choice of MWSR
objective is motivated by recent results in [1,4,13,25], where it has been shown that adaptive policies
based on solving a MWSR problem in each time slot can be used to stabilize the transmission buffers
for any set of arrival rates in the ergodic network capacity region. Further, it has been shown in [23]
that by appropriately updating the weights across time slots, a proportionally fair scheduler can be
designed based on MWSR.

In this paper, we tackle the MWSR problem in two steps: 1) off-line centralized and distributed
algorithms based on complete knowledge of the underlying channel distribution information (CDI);
and 2) an online adaptive algorithm that does not require full CDI knowledge. Accordingly, the

results are organized into two thrusts.

1.2 Summary of Main Results

In our first thrust, we make advance in general non-convex optimization theory by showing that
the duality gap of a certain class of non-convex optimization problems is zero if they satisfy the
“concave perturbation” condition. This result is surprising because it is well-known that non-convex
optimization problems have non-zero duality gap in general. Further, we show that the power
spectrum optimization problem in MC-MIMO ad hoc networks satisfies the concave perturbation
condition. This results legitimates the approach to tackle the MWSR problem in its dual domain,
which has a linear complexity in M. This improvement is significant because, as we indicated earlier,
M is large in multi-carrier systems. This complexity reduction is made possible by decomposing
the dual problem into M subproblems, each of which corresponds to a single subcarrier. However,
it turns out that each subproblem remains a difficult non-convex problem that has an exponential
complexity in K n;-dimensional matrix variables, where n; is the number of transmit antennas at
each node. To circumvent this difficulty, we develop efficient centralized and distributed algorithms
by appealing to matrix differential calculus theory [12]. We show that the proposed algorithms can

quickly identify solutions that are very close to the global optimum obtained by exhaustive search.



In the first thrust, our proposed algorithms are based on full CDI knowledge. We should point
out that in practice, CDI knowledge is acquired by an off-line estimation stage. Thus, the algorithms
developed in the first thrust are off-line algorithms. However, we show that they can serve as the
baseline that provides important insights and frameworks for our online adaptive algorithm.

In our second thrust, we focus on developing an online adaptive algorithm that does not assume
full CDI knowledge. We devise a subgradient stochastic approximation (SSA) algorithm. SSA can
adapt to any unknown underlying fading distribution on the fly, lending itself an online algorithm
desirable for practical implementation. We further establish its convergence theorem that SSA
converges with probability one to the same optimal solution obtained by the off-line algorithms.
We note that the proof of the convergence theorem is non-trivial since standard techniques (e.g.,
closedness of algorithmic maps) are not applicable for our problem. Instead, we use a novel approach
by appealing to recent results on Martingale theory [8]. Finally, we investigate the impact of CSI
error on SSA. We consider two cases, depending on whether the resultant stochastic subgradients are
asymptotically biased or unbiased. We prove that, if the stochastic subgradients are unbiased, SSA
still converges with probability one to the same optimal solution obtained by the off-line methods.
On the other hand, in the biased case, we show that the iterates generated by SSA is recurrent to

some neighborhood of the optimal solution.

1.3 Related Work and Paper Organization

As indicated earlier, there has been tremendous interest on MC-MIMO techniques at the physical
layer in recent years, e.g., joint transceiver design [14,15], channel estimation [18,26], multiple access
strategies [22], limited feedback and antenna selection techniques [16], etc. An excellent overview of
MC-MIMO physical layer techniques can be found in [7]. Another closely-related line of research is
on joint subcarrier scheduling and power spectrum optimization for multi-carrier communications
systems [1, 11,19, 20, 24]. However, these studies are limited to single-antenna systems. A more
relevant work to this paper can be found in [10], where Liu and Hou investigated MC-MIMO power
spectrum optimization for the downlinks of WiMAX access networks. The major difference between

our work and [10] is that our focus is on ad hoc communications (which is prone to co-channel
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interference), while the network setting in [10] is infrastructure-based (which relies on centralized
scheduling to eliminate interference). So far, the research on MC-MIMO ad hoc networks is still in
its infancy and results in this area remain limited. It is worth pointing out that our work is different
to another line of research termed “multi-channel multi-radio” (MC-MR) wireless networks (see,
e.g., [9] and references therein). In MC-MR wireless networks, the number of channels is usually
small (e.g., IEEE 802.11 networks [9]).

The remainder of this paper is organized as follows. Section 2 introduces the network model
and problem formulation. Section 3 presents the zero duality gap theorem. In Section 4, we design
off-line algorithms for solving the MWSR problem in the dual domain. In Section 5, we present an
online stochastic approximate algorithm and establish its convergence theorem. In Section 6, we
investigate the impact of CSI error on our proposed stochastic approximation algorithm. Section 7

concludes this paper.

2 Network Model and Problem
Formulation

In this paper, we use boldface to denote matrices and vectors. For a matrix A, A' denotes the
conjugate transpose, Tr{A} denotes the trace of A, |A| denotes the determinant of A, and ||A]|
denotes the Frobenius norm of A. Diag{A;,...,A,} represents the block diagonal matrix with
matrices Ay, ..., A, on its main diagonal. We denote I the identity matrix with dimension deter-
mined from the context. A > 0 represents that A is Hermitian and positive semidefinite (PSD).
1 and O denotes a vector whose elements are all ones and zeros, respectively, and their dimensions
are determined from the context. For a real vector v and a real matrix A, v > 0 and A > 0 mean
that all entries in v and A are nonnegative, respectively. The operator “(-,-)” represents the inner
product operation for vectors or a matrices.

We consider a MC-MIMO ad hoc network consisting of K concurrent transmission pairs and M
subcarriers, as shown in Figure 1. For convenience, each transmission pair is referred to as a link,

although such a link does not physically exist. Suppose that the transmitting node of each link has
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Figure 1: Network model of a MC-MIMO ad hoc network.

(m)

n; antennas and the receiving node has n, antennas. Let H;;* € C"" represent the channel gain

matrix from the transmitting node of link j to the receiving node of link ¢ over subcarrier m. We

let H = {Hgn) 21,7 =1,...,K, m=1,..., M} denote the collection of all channel gain matrices.

The entries in each channel gain matrix are assumed to be i.i.d. complex Gaussian distributed.
The total bandwidth of the network is B. As a result, the bandwidth of each subcarrier is %.
We assume that M is sufficiently large such that the fading on each subcarrier can be considered
frequency-flat.

The normalized received complex base-band signal vector at the receiving node of link & over

subcarrier m can be computed as

= /o HM ™ 4 Z Vo H ™ 4 (1)
i=1,ik

where tg”) € C™ and rém) € C™ represent the transmitted signal vector (with unit power) and the
received signal vector of link k over subcarrier m, respectively, n represents the normalized complex
additive white Gaussian noise vector with zero mean and unit variance. In (1), py; denotes the
signal-to-noise ratio (SNR) of link % if i = k, or the interference-to-noise ratio (INR) from link ¢ to

link k if ¢ # k.
Let matrix Qk ™ denote the covariance matrix of input symbol vector t , i.e. Qk E{t;m) .

™" Tt is evident from this definition that Q™ = 0 and Tr(Q\™) < 1. Physically, Q™ represents

the power allocation among the n; antennas of the transmitting node of link k£ when transmitting



data over subcarrier m. We let Q = {Q,gm) ck=1,...,K, m=1,..., M} denote the collection of
all input covariance matrices. The ergodic capacity of link k& over subcarrier m can be computed

as [5]

m B
C',g L " Ey [log2

Vi I+ pHYYQUUHEY (RYY)

] @)

where Ey [-] represents the expectation taken over the distribution of H. In (2), ngm) represents the

aggregated interferences at the receiving node of link & over subcarrier m, and can be computed as
m K m m m
Rg; )= I+ Zizl,i;ﬁk pkiHl(ci )QE )Hl(ci " (3)

Since that the average consumed power cannot be larger than the maximum transmit power, we

have the following constraint for each transmitting node:

o [ZM Q)| <1, Wk (4)

m=1

Putting together these expressions, constraints, and definitions, the MWSR problem of a MC-

MIMO ad hoc network can be formulated as follows:

Maximize Zn]‘le Zszl wkc,]gm)

subject to  Eg | Tr( I(Cm)) —-1<0,VEk (5)
Q" = 0,vk,m,
where w;, i = 1,2,..., K, are given weights. In (5), Q,(em)’s are optimization variables.

Problem (5) is a complex non-convex optimization problem because the objective function of (5)

is not concave in Q;Cm). As a result, numerical optimization of (5) is difficult. To warrant optimality,
state-of-the-art global optimization techniques (e.g., BB/RLT [17]) still have exponential complexity
in the total number of variables K M. In addition, to ensure flat fading on each subcarrier, the value
of M is large. Thus, solving (5) by global optimization technique is not feasible.

In the next section, we establish a general theory to show that a class of non-convex optimization
problems having the same structure of (5) have zero duality gap if they satisfy certain perturbation
condition. Further, we show that (5) indeed satisfies such condition. Thus, we can equivalently

solve the dual problem of (5), which, fortunately, has linear complexity in M.
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3 Non-convex Optimization Problems with Zero Duality

Gap
Let us consider the general form of (5), which can be written as

Maximize 3™ fon (%)
subject to M g, (x,) <0,

(6)

where x,, € S C C¥ are vectors of the optimization variables, f,,(-) : CX — R are functions that
may or may not be concave, and g,,(-) : CX — CI are matrix-valued functions that may or may
not be convex.

By associating a dual vector variable, denoted by u € R, with the constraint, the Lagrangian

of (6) can be written as

L(xm,u) = Z fn(%m) +u” (0 - Z gm(xm>> . (7)

The Lagrangian dual function is an unconstrained optimization with respect to x,,, i.e.,

O(u) £ max L(x,,, u). (8)

Xm

The Lagrangian dual optimization problem is

Minimize O(u) ()
subject to u > 0.

If f.(x,,)’s are concave and g,,(X,,)’s are convex, (6) becomes a convex optimization problem.
If Slater’s condition' holds (i.e., strictly feasible region is non-empty), then it is known that the
primal problem in (6) and the dual problem in (9) have the same solution. On the other hand,
when convexity does not hold, weak duality theorem says that the solution of the dual problem

is an upper bound of the primal problem, and the difference between the upper bound and the

ISlater condition holds for almost all practical optimization problems [2].



true optimum is referred to as “duality gap.” However, in what follows, we will show that when a
non-convex optimization problem with the structure of (6) satisfies certain conditions, the duality

gap is zero. Toward this end, we first introduce the concept of perturbation function.

Definition 1. The perturbation function of (6), denoted as 6(y) : CX — CL, is defined as the

optimal value function of the following problem,

6(y) = max {Z Fn(Xm) =Y 8(%m) < Y} , yeCk.

m=1 m=1

From the definition, it is clear that 6(0) yields the same optimal objective value as that of the

primal problem in (6). Now, we introduce the first main result of this paper.

Theorem 1 (Concave Perturbation Condition). If the perturbation function 0(y) is concave, then
the non-convex optimization problem in (6) and its Lagrangian dual problem in (9) has the same

optimal objective value, i.e., the duality gap is zero.

Proof. The basic idea of the proof is to show the existence of a saddle point, which implies absence
of duality gap.

For convenience, we let matrix X = [x,, :m =1,..., M] € S¥ C CE*M denote collection of all
X,, variables. Let X = [X,, : m = 1,..., M] be the solution to the primal problem in (6). Since

0(y) is concave, there exists a hyperplane that supports the hypograph of §(y) for any y € C* [2].

Thus, for 0(0), there exists some @ € CF such that, for all y € C¥,
0(y) < 6(0) +u'(y —0). (10)

Our approach is to show that (X, ) is indeed a saddle point of the Lagrangian function in (7),
ie.,

L(X,u) < L(X,a) < L(X, u), (11)
for all X € SM and all u > 0. The complete proof of this theorem is provided in Appendix A. [

Remark 1. When all f,,(x,,)’s are concave and all g,,(x,,)’s are convex, the concave perturbation

condition is automatically satisfied. However, the converse is not true.
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Next, we show that the non-convex MWSR problem in (5) satisfies the concave perturbation
condition. To see this, let us first consider the continuous version of the MWSR problem in (5). That
is, M = oo and Hy;(f) is the matrix-valued channel response function of f from the transmitting

node of link ¢ to the receiving node of link k. The problem formulation is re-written as follows:

K
Maximize Zwk / Cy(f)df
k=1

subject to / Bt [Tr(Qu(f))] df — 1 < 0, Vk (12)
Qx(f) = 0,VE, f.

It is not difficult to see that the optimal solution to (12) must possess a frequency division
multiplex (FDM) structure, where each band corresponds to a transmission strategy for which a
subset of K links transmit. Thus, there are at most Zfio (If ) = 2K different transmission strategies.
The FDM structure is shown in Figure 2. For example, the solid block corresponding to link 1 and

band 1 in Figure 2 represents that link 1 transmits in band 1.

k
At most 2% bands with different transmission strategies
band 1 band 2 band 3

Total available spectrum B

Figure 2: The FDM structure of the solution to (12).

Toward this end, we first consider the case where the channel response functions are constant,

for which we have the following theorem.

Theorem 2. Problem (12) satisfies the concave perturbation condition if Hy;(f) are constants for

all k and i, i.e., Hy;(f) = Hyy, VEk,i.
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Proof. Let 6(y) be the perturbation function of (12), where y € CX. Suppose that Qj(f) and
Q5(f) solve the primal problem in 6(-) when y = y; and y = ys, respectively. Let 0 < u < 1. To

prove Theorem 2, it suffices to construct a solution Q(f) that is feasible to the power constraints

in O(uy; + (1 — p)y2) and O(py:1 + (1 — p)y2) satisfies
O(uyr + (1 — p)yz2) = pb(y1) + (1 — p)0(y2). (13)

Without loss of generality, consider Qi (f), which solves the perturbation function 6(y;). Recall
that the solution to (12) has a FDM structure with at most 2 different transmission strategies.
Since all channel response functions Hy;(f) are constant functions of f (i.e., a flat function of f),
the same Karush-Kuhn-Tucker (KKT) condition must hold at optimality for all frequency f. As
a result, QI(f) must be flat within each band. Likewise, we can also conclude that Qj(f) is flat
within each band in another FDM scheme.

Now, suppose that Cf and Cj are the optimal objective value of #(y;) and 6(y2), respectively.
The way to construct a Q(f), which is feasible to §(jy, + (1 — p)y2) and achieves at least pC7 +
(1 —p)C5 for all 0 < p < 1, is illustrated in Figure 3.

k
subband 1+ m===== FDM for #(y,)
o l—p! e FDM for 0(ys)

K Qica(f

2 Q;.(f) 3 3 Other sub(ands 3
| 1 1 }
B : fotal avai‘lable spectrum 34‘»

Figure 3: Construct a feasible solution Q(f) to O(uy1 + (1 — p)ys).

It is clear that each frequency f falls in some intersection of the FDM schemes of 0(y;) and

O(y2). We call each distinct intersection a subband. For each subband, we assign p portion of

it as Qi(f) and (1 — ) portion of it as Q3(f). Apparently, Q(f) is feasible because [ Q(f) =

JuQi(f)+(1—p)Q3(f) < py1+(1—p)ys. Also, Q(f) achieves an objective value of uCt+(1—p)Cj.

Hence, the concave perturbation condition holds for the case where channel responses are constant

11



functions. O

Next, we show that for general cases where the channel response functions are not constant, (12)

still satisfies the concave perturbation condition. This is stated formally as follows.

Theorem 3. If Hy;(f) is a continuous function of f for all k and i, then (12) satisfies the concave

perturbation condition.

Proof. The proof of the general case where the channel response functions are not constant is based
on the following asymptotic argument. First, the total available spectrum can be divided into
a set of infinitesimal frequency subbands. Since the channel response functions are continuous,
Hy;(f) in each subband approaches a constant for all £ and i as the number of divisions approaches
infinity. Then, from Theorem 2, we know that the concave perturbation condition is satisfied in
each infinitesimal band. Therefore, the concave perturbation condition holds for the entire available

spectrum. ]

Finally, for the original problem (5), which is a discrete version of (12), we have the following

proposition.

Proposition 4. Problem (5) satisfies the concave perturbation condition when the number of car-

riers M is large.

Proof. Since M is large, the channel response functions of adjacent carriers are approximately
the same. Therefore, the combined channel response function of all subcarriers can be viewed as
approximately continuous. Thus, from Theorem 3, we can conclude that the concave perturbation

condition is satisfied for Problem (5) when M is large. O

Remark 2. Since the proof of Proposition 4 hinges upon an approximating argument, the duality
gap of (5) is not strictly zero. However, the duality gap vanishes as M increases asymptotically.

This result allows us to solve (5) in its dual domain.
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4 Power Spectrum Optimization in the Dual Domain

In the last section, we have shown that (5) can be equivalently solved in its dual domain. Associate

a dual variable u; with each constraint in (5) and denote u = [uj u ... ug]” the collection of such

dual variables. Then, the Lagrangian dual function can be written as
O(u) 2 m(gx{L(Q,u) Q™ >0, Vk, vm} , (14)

where Q denotes the collection of all power allocation variables. Then, the master dual problem of

MWSR can be written as:

DMWSR : Minimize ©O(u)

subject to u > 0. (15)

In (14), the Lagrangian L(Q,u) is computed as

L g

K M
L(Q,u) =Y wiEx { > " log,
k=1 m=1

<R,gm>>—1” + ZK:uk {1 — En [ iw: Tr(Q,gm))H .

k=1 m=1

After rearranging terms and interchanging expectation and summations, the Lagrangian can be

re-written as

M K
LQu) =Y > Eu [FQ")] + D ue (16)
where F(Q!™) is defined as

I+ o HYQUUHEY (RYY)

F(Q,(cm)) £ wy, log,

—u, Tr(QU™). (17)
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It is not difficult to see that we can decompose (14) as follows:

O(u) = Y Ey | max {Zp( ,gm>>} + (u, 1), (18)

m=1 Q=0 | o
vk

i.e., ©(u) is decomposed into M subproblems. Thus, ©(u) has a linear complexity in M, as opposed
to the exponential complexity in M in the primal problem.
It can be seen from (18) that each subproblem corresponds to one subcarrier and is a maximiza-

tion problem of K matrix variables in the following form:

Maximize Zszl [wk log, ‘I + Pkng]?) ’(Cm)Hz(:l,cl)T'
(R~ u (@) )
subject to Q,(cm) = 0,Vk.

To solve the MWSR problem in the dual domain, we need to evaluate the optimal Lagrangian
dual in (14) with respect to Q first. Then, we need to solve the master dual problem in (15) with
respect to u. In the following subsections, we will discuss the solution procedure for these two

problems in more detail.

4.1 Solving the Master Dual Problem

It can be shown that the master dual problem in (15) is a non-differentiable convex problem, which
can be solved by subgradient algorithm. For the MWSR problem, the subgradients during the n'*

iteration can be computed as
M
du () = 1= En | > TH(Q{™ ()], v, (20)
m=1

where Q,(cm)*(n) represent the optimal solutions in (18) with u being replaced by u(n). The updates

of dual variables can be computed as

u(n + 1) = [ug(n) — spdy, (n)]g Yk, (21)

14



where [-], = max(-,0), s, is the step size during the n'" iteration, and U is some upper bound for

ug. It is shown in [2] that if the step size selection satisfies the following three conditions:

Sp — 0, an—>oo, and Zsi<oo, (22)
n=1 n=1

then the iterates generated by the subgradient method converge to the optimal solution u*. An

easy step size selection strategy is the divergent harmonic series: s, = B n=1,2,... where § is

n’

some positive constant. We summarize the subgradient algorithm in Algorithm 1.

Algorithm 1 Subgradient Algorithm for Solving MWSR

1. Choose the initial starting points u(0). Let n = 0.

2. Compute Q*(n) by solving M subproblems in the form of (19),
each of which corresponds a subcarrier.

3. In the n'" iteration, choose an appropriate step size s,,. Update
subgradient du, (n) using (20) with Q*(n).

4. Update dual variables u(n) using (21) with dy, (n).

5. If |lug(n 4+ 1) — ug(n)|| < ¢, then return Q*(n) as the final
optimal solution and stop. Otherwise, let n «+— n + 1 and goto

Step 2.

The most attractive feature of the subgradient algorithm is that it can be implemented in
a distributed fashion. This is because the subgradient updates in (20) only involve local power
variables at each node. Also, in the updates of dual variables in (21), the step size selection
sp = [/n depends only on the iteration index (can be defined as some function of elapsed time)

and does not require any other global information.

4.2 Solving Single Subcarrier Subproblem

Due to co-channel interferences and MIMO nature of the problem, each subproblem (19) is a non-
convex optimization problem of K n;,-dimensional matrix variables, which has exponential complex-
ity in Kn?. As a result, solving (19) remains very difficult. In this paper, we propose two gradient

projection (GP) methods based on matrix differential calculus [12]. GP can efficiently find a local
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optimal solution. We will show later that the gap between the solution obtained by GP and the
true optimal solution is small (or negligible).

Gradient Computation For convenience, we denote the objective function in (19) as I1(Q). By
using the identity ;% Indet(A+BXC) = [C(A + BXC)_lB]T from matrix differential calculus [12],

we are able to obtain the gradients G,(cm) = Vaml (Q) as:
k

2 -1
Gy = 2 (v, Q) B ¢

K
2W;iPjk yr(m)i [ (m) (m) (3 (m) gy (m)Ty -1
> o Tk [(Rj + oy QT H )
i=Li#k

_(R(m>)—1] H;’,j) — u L. (23)

Positive Semidefinite Cone Projection The way to project a matrix, say A, onto the positive
semidefinite cone is as follows. First, we perform eigenvalue decomposition on A yielding A =
UaDiag{\;:i=1,..., p}U;, where Uy, is the unitary matrix formed by the eigenvectors. Then,

from Moreau decomposition [6], we have the PSD projection of A as follows:
A, = UDiag{max{\;,0},...,max{),, 0} }U. (24)

Centralized and Distributed GP  We first propose a centralized gradient projection (CGP)
algorithm to solve the power allocation problem in (19). The framework of CGP is illustrated in
Algorithm 2.

CGP is a centralized algorithm since global information exchange is needed for gradient compu-
tation (23) in every iteration. In light of this, we devise a distributed gradient projection (DGP)
algorithm where links update their input covariance matrices in an terative manner: In each it-
eration, one link uses GP to update its input covariance matrix to maximize /(Q) while all other
links’ input covariance matrices are held fixed. Thus, except at the initiation, only the exchange of
information between link » mod K and link n + 1 mod K is needed in the n'* iteration. The DGP

method is illustrated in Algorithm 3.
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Algorithm 2 Centralized Gradient Projection

1. Choose the initial conditions ng)(O)7 Qém)(O),. o Q%M(O).
Let n =0.

2. Use (23) to compute the gradients Gim) (n) for k=1,2,...,K.

3. Choose an appropriate step size z,. Let Ql(cm)(n +1) = Q,(cm)(n)
+2,G"™ (n), for k=1,2,..., K.

4. Let Q,(Cm)(n + 1) be the projection of Q;m)(n + 1) onto the
positive semidefinite cone.

5. Choose an appropriate step size a,. Let Q;Cm)(n +1)=
QU (n+ 1) +an(@QM (n+ 1) - QU (), k=1,2,.. K.

6. If ||Q§€m)(n +1)— Q,im)(n)H <e¢ for k=1,2,..., K, then stop;

else let n «— n + 1 and go to Step 2.

Algorithm 3 Distributed Gradient Projection

1. Choose the initial conditions ng)(O), ng) (0),.. .,Q;n)(O).
Let n =0, k= 1.

2. Use (23) to compute the gradients Gim)(n)A

3. Choose an appropriate step size z,. Let Qgcm) (n+1)= Q,(cm>(n)
+2,G™ (n).

4. Let Q,(Cm>(n + 1) be the projection of Q;m)(n + 1) onto the
positive semidefinite cone.

5. Choose an appropriate step size ay. Let Qim)(n +1) =
Q™ (n+ 1)+ an(Q™ (n +1) - Q™ (n).

6. If ||Q](€m)(n +1)— Q;Cm)(n)ﬂ <eg for k=1,2,..., K, then stop;

elselet n < n+1, k — (k+ 1)modK + 1 and go to Step 2.
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4.3 Numerical Examples

We provide some numerical examples to illustrate the performance of GP and the subgradient
algorithm. First, we examine how close the gap between the solution obtained by GP and the true
optimal is. Since that the objective function of (19) is closer to concave for smaller INR’s values
(i.e., weaker interferences), it is expected that GP performs better under low INR regime.

We first consider the ergodic rate region in the dual domain, i.e., the K-dimensional subspace
for the maximum achievable link rates of problem (19). Since we can only visualize 2-D graphs,
we plot the ergodic rate region for a 2-link 2-antenna example with u = [0.8 0.8]7. By varying the
weights w; and wq subject to wy + we = 1, the whole rate region can be achieved [21]. The SNR’s
in this example are p1; = py3 = 20 dB. The INR’s in this example are p;o = 17 dB and py; = 16 dB.

The ergodic rate region of this example is plotted in Figure 4. In our numerical study, we found

R2 (b/s/Hz)

—*— Distributed GP
Exhaustive Search
n n i

0 1 2 3 4 5 6 ik
R, (b/s/Hz)

0

Figure 4: Ergodic rate region in the dual domain of a 2-link example with u = [0.8 0.8]7.

that CGP and DGP have essentially the same objective values for all weights. Thus, we only plot
the curve of DGP in Figure 4. It is seen that even for this strong interference example, the gap
between DGP and exhaustive search is still very close.

Next, we consider the optimal dual objective values of a 5-link 2-antenna equal-weight example
with u = 2 -1 under various SNR and INR values. The optimal dual objective values computed by
DGP and exhaustive search are plotted in Figure 5. Again, we can observe that the gaps between

DGP and exhaustive search is very close. For example, when SNR for each link is 10 dB and INR
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for each link is 15 dB, i.e., the interference is much stronger than the intended signal, the dual
objective values computed by DGP and exhaustive search are 11.17 and 12.13, respectively. In this

extreme case, the loss is only 7.9%.

SNR = 25dB
25}

SNR = 20dB

._.
-

_, SNR=1508

Exhaustive Search |
—*— Distributed GP
T

5 10 15
INR (dB)

Ergodic Lagrangian Dual Obj Value (b/s/Hz)
= N
o o

SNR = 10dB

&)
T

o

o

Figure 5: Lagrangian dual objective value of a 5-link example with u =2 - 1.

We use a 5-link network example to see the convergence behavior of the subgradient algorithm.
As shown in Figure 6, 5 links are uniformly distributed in a 2000m x2000m square region. Each
node in the network is equipped with 4 antennas. The path-loss index is 4. The solid lines represent
intended transmissions and the dotted lines represent interferences. The total available spectrum is

divided into 128 subcarriers. The SNR and INR values of this example are given in Table 1. Figure 7
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1600 - ™6

1400
Tx4

12001

E 1000+
800+
600+
400+

200

Rx2:

Tx2

Rx5
Rx4

K

Tx3

500

1000
(m)

1500 2000

Figure 6: A 5-link MC-MIMO-based ad hoc network example.

shows the convergence behavior of the subgradient algorithm for minimizing the dual problem. The
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Table 1: SNR- and INR-values for a 5-link MC-MIMO ad hoc network.

SNR INR (in dB)
(hldB) Llw LQJ L3m L4J LSW
Ly 9.50 L1+ - 1.49 | -4.51 | -1.58 -6.58
Lo 10.32 Lgyt 5.84 - -0.84 | -2.48 | -10.38
L3 16.93 Lg,t -9.75 1.52 - 8.87 1.09
Ly 15.67 Ly | -2.20 5.90 6.01 - 5.88
Ls 13.45 LS,t -9.56 | -5.41 -2.88 2.34

step size selection is s, = 10/n, n = 1,2,.... It can be seen that after approximately 600 iterations,
the subgradient algorithm converges and yields a dual objective value of 5.68 b/s/Hz. We recover the
corresponding primal feasible solution (by the LP approach [2]) and find that the primal objective
value is 5.65 b/s/Hz, i.e., the duality gap is less than 1%. Comparing with the starting point before
optimization (equal power allocation to all subcarriers and antennas at each node), which yields

an objective value of 3.83 b/s/Hz, we can see the performance gain after optimization is significant

(47.5%).

Dual Objective Value (b/s/Hz)

i i i i i
100 200 300 400 500 600
Iterations

Figure 7: Convergence behavior of the subgradient algorithm.

5 Online Adaptive Algorithm

We should point out that the solution procedure proposed in the last section is an off-line algorithm
because it requires full CDI knowledge to compute the subgradients in (20). In this section, we
will use the off-line algorithm as a baseline and devise an online adaptive algorithm by subgradient

stochastic approximation (SSA). The basic idea of SSA is that, instead of computing the exact
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subgradient based on full CDI, we use the instantaneous CSI feedback to compute an approximation
of the true subgradient, thus eliminating the requirement of full CDI knowledge. By appealing to
recent results in Martingale theory [8], we show that the stochastic iterates can adapt to unknown
underlying fading distributions on the fly and lend itself to an online algorithm. In this section, we
assume that the feedback of CSI is error free. The impact of CSI error will be discussed in the next

section.

5.1 Subgradient Stochastic Approximation

The way to eliminate the requirement of full CDI knowledge in (20) is to use the current channel
realization in each iteration to compute an approximation of the true subgradient. The stochastic

subgradient during the n*" iteration is computed as follows:

~

dy () =1-5" Tr(Q™"), V&, (25)

1=

and the updates on the Lagrangian dual variables can be computed as
. U
dn(n+1) = [ﬂk(n) - snduk(n)] , Vk. (26)

The complete algorithm is summarized in Algorithm 4. Comparing SSA with Algorithm 1, we can
see that the only difference is that expectation computation is not needed and each subgradient is
only based on current channel realization. The basic structure of SSA remains the same as that of
the off-line subgradient algorithm, which means that SSA can also be implemented in a distributed

fashion.

5.2 Convergence Theorem

In this section, we prove that SSA converges with probability one to the same optimal solution?
obtained by the off-line algorithms. Part of the proof needs a recent result on Martingale theory [8],

which is stated as follows.

2For brevity, we call the near-optimal solution obtained by the off-line algorithms “optimal solution” from now

on.
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Algorithm 4 Subgradient Stochastic Approximation
1. Choose the initial starting points @1(0). Let n = 0.

2. Compute Q*(n) using Algorithm 2 or Algorithm 3.

3. In the nt" iteration, choose an appropriate step size s,. Update
subgradients dy,, (n) using (25) with Q*(n).

4. Update dual variables @(n) using (26) with du, (n).

5. If ||k (n 4+ 1) — Gg(n)|| < ¢, then return Q*(n) as the final

optimal solution and stop. Otherwise, let n < n 4+ 1 and go to

Step 2.

Lemma 1. Let {X,} be an R"-valued stochastic process, and V(-) be a real-valued non-negative
function in R". Suppose that {Y,} is a sequence of random variables satisfying that > |Y,| < oo
with probability one. Let {F,} be a sequence of o-algebra generated by {X;,Y;,i < n}. Suppose that

there exists a compact set B C R" such that for all n,

En[v<Xn+1)] - V(Xn) S _sn(S + Y’ru fO'f’ Xn ¢ Bv

oo 2

where s, satisfies s, — 0, Y7 s, — 00, Y >~ sz < 00, and 0 is a positive constant. Then, set B

is recurrent for {X,}, i.e., X, € B for infinitely large n with probability one.
Now we state the convergence theorem as follows.

Theorem 5. If the step size selection of s, satisfies (22), the stochastic iterations in (26) converge

to the optimal solution u* of (15) with probability one.

Proof. To prove the convergence theorem, we first examine the structure of the stochastic subgra-

dients during the n'" iteration. Let {F,} be the sequence of o—algebra generated by {u(i) : i =
1,...,n}. It can be readily verified that the stochastic subgradient cZuk (n) can be decomposed as

~

dy, (n) = dy, (n) + &, (n), where &, (n) is a martingale noise term and defined as

€0, (n) 2 dy (n) — E [duk (n)}

=Ey | Tx( EJ%))] = T(QI (). (27)




In (27), E(}Tf) [-] denotes the conditional expectation Eg [-|F,]. Then, the stochastic dual updates

can be written as

where z,, (n) is the correction term that projects the stochastic subgradient back to the non-negative

orthant. Then, for ux(n), we have
[ (n + 1) — uil* < Jig(n) — uil* — 28, (i (n) — uj)
(i () + &uy, ()] + 85 [duy () + € ()]

where the inequality holds because the correction term &,, (n) is non-expansive [3]. Since that ©(u)
is twice-differentiable with respect to u, I(Q™) is bounded. Also, it is evident that |t (n) — u}| is

bounded and Eg) [€u,.] = 0. From the iteration update in (26), it can be concluded that |£,, (n)| is
bounded. From the iteration update in (21), it can be concluded that |d,, (n)| is bounded. Thus,
in vector form, we have

By [l + 1) —w’] < fa — ) -

25n{ia(n) — ", du(n) — 2sn(ia(n) — u' By’ [Ca(n)]) +

O(sp) = [[a(n) — w'||* — 25, ((n) — u*, du(n)) + O(sy).

n n

Define a Lyapunov function V(1) £ |[ii—u*||? and define a ball centered at u* as B, = {1 : V(1) < ¢}
for some given ¢ > 0. From Lemma 1, we can see that the proof of the recurrence of {(n) : n =

1,2,...} boils down to showing that
(a(n) —u*, dy(n)) > 0. (28)
It is not difficult to see (28) holds because for t(n), we have
(a(n) —u*,du(n)) = ©(a(n)) - B(u*) >0,

where the first inequality follows from the convexity of ©(u) and the second inequality follows from

the fact that u* is the global minimizer of ©(u). This shows that there exists §. > 0 such that

23



Figure 8: The sketch of the basic idea in the proof of Theorem 5.

(a(n) — u*,dy(n)) > 6. when u ¢ B.. It then follows from Lemma 1 that {a(n) : n = 1,2,...}
returns to B, infinitely often with probability one.

Having shown the recurrence of {(n) : n = 1,2,...}, our next step of proving convergence is
to show that for any small € > 0, there exists ny such that for n > ny, even if the martingale noise
terms &, (n) drive the G(n) away from B, the trajectory of {ti(n) : n > n;} is still bounded by the
contraction region B3, almost surely. We sketch the basic idea of the proof in Figure 8.

Toward this end, we first show that if n; is sufficiently large and @(n; + 1) moves out of B, then
u(ny + 1) resides in By, with probability one. This fact holds because by Chebyshev’s inequality,

we have

52 B [||€u(n) ]
> .

Pr (sn, [[€u(m)|] > €) < ;

(29)

Since s2 . — 0 when n; is large, the change in one step is almost surely no greater than e. Thus,
u(ny + 1) resides in By, with probability one.

Next, we show that if @(n; + 1) € By N B,, where B, denotes the complement of B,, then for
all n > n; + 1, a(n) € B;. with probability one. That is, the trajectory of the series starting from
u(n; + 1) resides in B3, almost surely. By using the martingale inequality [8, Eq. (1.4)], we have

that, for m > n; + 1,

P el s\ BRSNS
rsup| Yo saflel| = ep < HLBEIINT S
n=ni+1 n=ni+1
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Figure 9: Convergence behavior of SSA.

where I_Eg)[ﬂﬁu(n)Hz] £ limsup,, E%L)[Héu(n)HQ] It then follows from the conditions of s, and the
boundedness of ||{,(n)|| that

lim Pr{sup > sall&amll] > e} =0, Ye > 0. (30)
n=ni+1

That is to say, the accumulated distance deviating from (n; + 1) is almost surely less than e. As
a result, the trajectory resides in B3, with probability one. Finally, since € can be arbitrary small,

it then follows that {a(n):n =1,2,...} converge to u* with probability one. O

5.3 Convergence Rate Analysis

The convergence rate of SSA is influenced by the condition number of the negative Hessian matrix
of the objective function (i.e., the ratio of the largest to smallest eigenvalues). A smaller condition
number implies faster convergence rate. It can be further shown that the limiting process of the
convergence is a Gaussian diffusion process if the optimal solution is an interior point of the feasible
region; or a stationary reflected linear diffusion process if the optimal solution is achieved on the

boundary of the feasible region. Due to space limitation, we omit the proof in this paper.

25



5.4 Numerical Example

We use the same 5-link MC-MIMO ad hoc network example in the last section to illustrate the
convergence behavior of the SSA algorithm. For comparison, we plot the convergence processes
of SSA and the subgradient algorithm (using the same step size selection) in Figure 9. It can
be seen that after approximately 750 iterations, SSA converge to the same solution obtained by
the subgradient algorithm. Although the number of iterations is slightly larger than that of the
subgradient algorithm, the running time of SSA is much shorter because SSA does not require

computing expectations over the fading distribution.

6 Subgradient Stochastic Approximation with CSI Error

In the last section, we assume that CSI, i.e., H, is error free. In practice, the knowledge of H is
acquired by sending a number of training symbols from the transmitting nodes. Then, the receiving
nodes estimate their channel gains and send back their estimations through the reverse links. As
a result, the error free assumption may not hold if the training and estimation phase is not long
enough or the reverse links are noisy. In this section, we will study the impact of CSI error on the

convergence of SSA.
Denote the channel gain matrices with estimation error as H = [I:I,(Cm) : Vk,¥m]. Let Q,(fm)*

be the resultant power allocation decisions when H,(Cm) is replaced by ICII(Cm). The Lagrangian dual

variables are updated as follows:

n(n +1) = [ﬂk(n) ~sudu ()] (31)

where the stochastic subgradients with CSI error can be written as:

du(n) =1=3 T(Q""(n)), VA, (32)

It can be readily verified that these stochastic subgradients can be decomposed as follows:

g, (1) = duy (1) + py (1) + Gy (1), (33)
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where p,, (n) is the biased estimation error of the stochastic subgradients, and is defined as

=B [T(Q" ()] - Q" (), (35)

This decomposition leads naturally to the following two cases: d,, (n) is asymptotically biased or

unbiased.

6.1 Unbiased Case

Under the unbiased case, ) sn|Eg) [ftu,, (n)] | < oo with probability one for all k, so that the
biased error terms can be asymptotically driven to zero by the diminishing step sizes. For this case,

we have the following theorem.

Theorem 6. If > Sn’E(}?) [y, (R)] | < o0 with probability one for all k, and if the step size
selection of s, satisfies (22), the stochastic iterations in (31) converge to the optimal solution u* of

(15) with probability one.

Proof. Substitute (33) into (31), the stochastic dual updates can be written as @ (n+ 1) = tx(n) —
Sp[du, (N) + puy, (1) + Gy (n)] + 24, (n), Where z,, (n) is the correction term that projects the stochastic

subgradients back to the non-negative orthant. For i (n), we have that |ug(n+1) —u*|* < |ug(n) —

u2|2 — 28, (U (n) — ug)[du, (n) + puy, (7)) + Gu, ()] + SZ[dwg (1) + fruy, (1) + Gy, (TL)]Q,

Applying the similar boundedness arguments in the recurrence proof of Theorem 5 and noting
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that E [, (n)] = 0 for all k, we have

Ey [Jar(n + 1) — uj?] < |ax(n) — uff* -

28(t(n) — up)du, (n) + O (s, (n)]) + O(s7). (36)

Next, define a Lyapunov function V(i) £ ||t — u*||2. The remainder of the recurrence proof and
contraction proof follows exactly the same line as that in the proof of Theorem 5 and is omitted

here for brevity. ]

6.2 Biased Case

In the biased case, sn|E(}TIZ) [ftu,, (n)] | is not summable. Thus, we cannot expect SSA still converges

to the same solution almost surely. Let fi,, = limsup, Eg) [ftu, (n)]. Also, define a neighborhood

Ny around the optimal solution u* as follows:

dy, (u)|, for some k
Ol () 3 i

where d,, (u) represents the subgradient with respect to u; at point u. In essence, Ny defines a

neighborhood around the optimal point u*: since d,, (u) are continuous at u* and by KKT conditions
we have d,, (u*) = 0 for all k; also, (37) requires that point in Ny satisfy |d,, (u)| < %, which
means that Ny is a neighborhood around the optimal point. With these definitions, we now present

the recurrence theorem for the biased case.

Theorem 7. If uu,, (n) is asymptotically upper bounded for all k and if the step size selection satisfies
(22), then the iterates {u(n) : n =1,2,...}, generated by (31) returns to Ny with probability one.

Proof. Define a Lyapunov function as V(1) 2 || — u*||>. Consider a neighborhood around the
optimal solution u*, denoted by Ny U B,, where B, = {u:V(2) <e}. Recall that for a(n),
we have that |up(n + 1) — uf|* < |ax(n) — u}]? — 2s,(ar(n) — u})[du, (n) + pru,(n) + o, (n)] +

i [y (1) + g (1) + Gy ()],
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Note that for u ¢ N, UB,, limsup,,_, Egb) [y, (n)] < @|dy, (u)]. Applying the similar bounded-
ness arguments in the recurrence proof of Theorem 5 and based on the fact that Eg) [Cu(n)] =0,
we have

Exp’ [lie(n+1) = u"] < lig(n) —u'® -
25(1 = ¢)(ur(n) — up)du, (n) + O(sy)- (38)
With 1 — ¢ > 0, the recurrence of {u(n) : n = 1,2...} to N, UB, follows exactly the same line

as that in the proof of Theorem 5. Next, by letting ¢ — 0, we have that {a(n) : n = 1,2...} is

recurrent to Ng. ]

It is also interesting to study the size of the neighborhood under the biased case. The following
proposition characterizes the relationship between the size of the neighborhood and the channel

estimation error.

Theorem 8. The neighborhood around the optimal solution u* in the biased case is outter bounded

by points u that satisfy |d,, (0)| = fiy, , for all k.

Proof. Recall that any point u € N, satisfies ¢|d,, (u)| < fi,, for some k and ¢ € [0,1). It then

follows that ¢ <1 < ; dﬁ “ty7- On the other hand, as n — oo, |dy, ()] decreases because the iterates
Uk

driven by d,, (u) move toward the optimal point u*. Thus, as the value of |d,, (u)| decreases, ¢
asymptotically approaches 1. As a result, the iterates generated by SSA are outter bounded by

points u that satisfy |d,, ()| = iy, . O

6.3 Numerical Examples

We use the same 5-link network example to illustrate the impact of CSI error on SSA. For the
unbiased case, we use fi,, (n) ~ +N(0,0.01) and gy, (n) ~ 2N(0,0.1) to approximate the biased
error terms, where N (v, 0?) represents the normal distribution with mean v and a variance of o2
In the biased case, we let y,, (n) be uniformly distributed in [0 0.01] and [0 0.1], respectively. The

convergence processes of both cases are plotted in Figure 10.
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Figure 10: The convergence behavior of SSA with CSI error.
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Figure 11: Evolution of d,, (u) under the biased case.

It can be seen in the unbiased case that, since the biased error are asymptotically diminishing,
SSA still converges to the same optimal solution, affirming our analysis in Theorem 6. For the
biased case, SSA returns to a neighborhood of the optimal solution, which corroborates our analysis
in Theorem 7. The convergence process of the unbiased cases exhibit a lot of fluctuations. This
is because fiy, (n) are normally distributed so that they could be either positive or negative, which
increases or reduces |d,, (n)|. In contrast, the convergence process of the biased case exhibits little
fluctuations because fi,, (n) only increases |d,, (n)|. Comparing with the error-free case, we can see
that CSI error slow down the convergence for both unbiased and biased cases.

For both biased examples, the evolution of d,, (u) is plotted in Figure 11. It can be observed
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that the iterates stay in a neighborhood of 0 infinitely often, and are lower bounded by —0.01 and

—0.1, respectively. This corroborates our conclusion in Theorem 8.

7 Conclusion

In this paper, we investigated power spectrum optimization for multi-carrier MIMO (MC-MIMO)
ad hoc networks. We made advance in general non-convex optimization theory by showing that a
certain class of non-convex optimization problems have zero duality gap if they satisfy the “concave
perturbation” condition. Further, we showed that the concave perturbation condition is satisfied
for the power spectrum optimization problem of MC-MIMO ad hoc networks. This result led
to efficient centralized and distributed (off-line) algorithms in the dual domain. Next, by using
stochastic approximation technique, we devised an online adaptive algorithm that does not require
full knowledge of channel distribution information (CDI). We showed that our subgradient stochastic
approximation (SSA) algorithm converges with probability one to the same solution obtained by
the off-line algorithm. Further, we explored the impact of CSI error on convergence performance
of SSA. We showed that SSA still converges with probability one to the same solution if stochastic
subgradients are asymptotically unbiased, or is recurrent to some neighborhood of the solution

obtained by the off-line algorithm if the stochastic subgradients are biased.
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A  Proof of Theorem 1

The first step of our proof is to show that 1 > 0 must hold. By contradiction, suppose there exists
a component of 11, denoted by ,, such that %, < 0, then we can choose y where g; = 0 for 7 # p,
and g, > 0. Since y > 0, 0(y) is apparently a relazation of 6(0). It then follows that §(0) < 6(y).
On the other hand, from (10), we have 8(y) < 6(0) 4 @,7,. Thus, we have 6(0) < §(0) + @,7,, which
implies that @, > 0 since g, > 0. A contradiction.

The second step is to show that @’ (3>Y_ g,.(%X,)) = 0 must hold. By fixing y = y =
oM g (%m)]" in (1), we obtain a restriction of the primal problem in (6) since Y7 _ g,,(%,,) < 0.
But on the other hand, since X is feasible to the perturbation function with y fixed as such, and

X solves the primal problem, we have 6(y) = 6(0). By (10), this in turn means that 6(0) <
6(0)+0"(y—0) = 6(0) +a" (-, &m(Xm)), e 0 (X, (%)) = 0. Since 32, g (%) < 0
and @ > 0, we must have a” (3Y_ g,,(X,n)) = 0.

With @ > 0 and @” (3, g, (X)) = 0, our next step is to show that L(X, @) < L(X, @) holds.
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First, note that
L(X, 1_1) = Z fm<)_(m) —a’ (Z gm<im)>
=" fu(&m) = 0(0) > 0(y) — 0"y, VyeCK. (39)

Now, for any X € SM, denoting y = [3°Y_, g (%,)]7, we obtain from (1) that () > S°M_ f, (%)

since X is feasible to (1) with y = y. Hence, using this in (39), we have

LX,0) > 0(3) — 0"y = ) fn(xn) + 0" (Z gm<f<m>> ,

for all X € SM. Thus, we have L(X, 1) < L(X, @).
L

Finally, we need to show that L(X, i) < L(X,u) holds for all u > 0. Since g,,(X,,) < 0, we

have

Thus, (X, 1) is a saddle point and the proof is complete.
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