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Abstract

Recently, mobile WiMAX equipped with MIMO technology has attracted much attention
and has emerged as a leading solution for broadband wireless access networks. However,
study on optimal resource management for such networks is still in its infancy and results in
this area remain limited. In this paper, we study the joint optimization of power allocation
and scheduling for MIMO-based WiMAX networks. Specifically, we consider the maximum
weighted sum rate (MWSR) problem for the downlinks. First, for the ideal case where full
channel distribution information (CDI) is available, we design an off-line algorithm for the
MWSR problem to obtain an optimal solution. For the practical case where full CDI is not
available, we use the off-line algorithm as a baseline and design an online adaptive algorithm
(OAA) based on subgradient stochastic approximation. For OAA, when the feedback of channel
state information (CSI) is error free, we show that it is able to converge with probability one
to the same optimal solution obtained by the off-line algorithm. In the case where there is
estimation error in CSI, we show that OAA can still converge with probability one to the same
optimal solution if the resultant subgradients are unbiased, or to some neighborhood of the
optimal solution when the resultant subgradients are biased.

1 Introduction

The last decade has witnessed an explosive demand for high-speed wireless access networks. For
broadband access, MIMO-based WiMAX has attracted substantial attention in recent years. Cur-
rent standards of MIMO-based WiMAX include IEEE 802.16-2004 air interface [1] and IEEE 802.16e
mobile amendment [2], which employ orthogonal frequency division multiple access (OFDMA) and
MIMO techniques. The use of MIMO technology improves the reception and allows for a bet-

ter coverage and higher transmission rate. The potential of providing high spectral efficiency in
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multi-path non-line-of-sight environment with MIMO and QoS assurance with WiMAX channel-
ization scheduling have rendered MIMO-based WiMAX as a leading “last mile” access solution for
broadband wireless access networks.

However, to achieve high capacity for MIMO-based WiMAX access networks, there remain many
challenges that must be addressed. One important challenge is how to determine optimal power al-
location among users, subcarriers, and antennas (at physical layer) and optimal scheduling (at MAC
layer) to maximize the throughput of downlinks under frequency-selective fading, while simultane-
ously providing QoS guarantee and assuring fairness among all users. This problem is considerably
more challenging than that in conventional single antenna-based WiMAX access networks. This is
because, compared to the simple scalar channels in single antenna case, power allocations are now
performed over complex matrix channels in time, frequency, and space domains. In 802.16e amend-
ment, scheduling and power allocation algorithms for both uplink and downlink are left undefined.
So far, results on how to fully exploit channel and multiuser diversity to design dynamic subcarrier
scheduling and adaptive power allocation remain scarce in the literature. In this paper, we address
this problem by designing algorithms for optimal joint subcarrier scheduling and power allocation
in space, time and frequency domains.

More specifically, we consider the so-called maximum weighted sum rate (MWSR) as the objec-
tive in our cross-layer optimization for downlinks in MIMO-based WiMAX networks. The choice
of this objective is motivated by recent results in [3-6], where it has been shown that an adaptive
policy based on solving a MWSR problem in each time slot can be used to stabilize the transmis-
sion buffers for any set of arrive rates in the ergodic capacity region. Further, it has been shown
in [7] that by appropriately updating the weights from time to time in the MWSR objective, a
proportionally fair scheduler can be designed. Hence, there is enough merit to choose MWSR as
the objective function in our cross-layer optimization.

The main contributions of this paper are the following.

1. For the ideal case where channel distribution information (CDI) is available, we design an

off-line algorithm for the MWSR problem to obtain an optimal solution. Our approach is



to exploit the special structure of MWSR and transform it to its Lagrangian dual domain.
We decompose the Lagrangian dual into an inner power allocation subproblem and an outer
scheduling subproblem. This decomposition simplifies the complex original cross-layer opti-
mization and enables us to derive closed-form solutions for both scheduling and power allo-
cation in the dual domain. As a result, the problem of finding an optimal scheduling and
matrix-valued power allocation solution is reduced to finding an optimal dual solution, which

is in simple scalar form.

2. For the practical case where CDI is unavailable, we use the off-line algorithm as a baseline and
design an online adaptive algorithm (OAA). Our approach is to employ subgradient stochastic
approximation, which uses the instantaneous feedback of channel state information (CSI)
to compute an approximation of the true subgradient. OAA can adapt to unknown fading
distribution, which is a desirable feature for implementing practical protocols. When the
feedback of CSI is error free, we show that OAA can converge with probability one to the
same optimal solution obtained by the off-line algorithm, regardless of the underlying fading

distribution.

3. When the feedback of CSI has estimation error, we investigate the impact of such error on the
performance of OAA. We consider two cases, depending on whether the resultant stochastic
subgradients are biased or unbiased. We show that if the stochastic subgradients are unbiased,
OAA can still converge with probability one to the same optimal solution obtained by the
off-line method. On the other hand, when the stochastic subgradients are biased, OAA will
converge with probability one to some neighborhood of the optimal solution. The size of the

neighborhood is determined by the channel estimation errors.

The remainder of this paper is organized as follows. In Section 2, we introduce the system
architecture and problem formulation. Section 3 presents an off-line algorithm when full CDI is
available. In Section 4, we introduce OAA and establish its convergence theorem. The impacts
on OAA due to channel estimation errors in CSI feedback are discussed in Section 5. Section 6

presents some numerical results to provide further insights to our theoretical analysis. In Section 7,
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Figure 1: System architecture of a MIMO-based WiMAX downlink.

we review related work and Section 8 concludes this paper.

2 System Architecture and Problem Formulation

2.1 System Architecture

We consider the downlinks of a MIMO-based WiMAX broadband access network consisting of K
users and M subcarriers. The system architecture is shown in Figure 1. The base station and
subscriber stations are equipped with multiple antennas. The total bandwidth of the system is
B. As a result, the bandwidth of each subcarrier is %. We assume that the bandwidth of each
subcarrier is sufficiently small such that the fading on each subcarrier can be considered as flat

fading. Base on the training symbols sent from the base station, each subscriber station estimates

its channel gain matrix H;, ¢ = 1,2, ..., K, and convey the estimation H, back to the base station
through a feedback channel in its uplink. Based on channel state information (CSI) feedback, the
base station schedules an optimal time interval and allocate an optimal amount of power for each
user on each subcarrier so that the weighted sum rate of all users in the downlinks is maximized,
while satisfying the minimum data rate constraint for each user.

Note that an alternative way to collect CSI is by estimating the uplinks based on channel
reciprocity if the system operates in TDD mode. Therefore, in Figure 1, the feedback channel could

represent either type of these two different CSI collection mechanisms.



2.2 System Model

In this paper, we use boldface to denote matrices and vectors. For a matrix A, AT denotes the
conjugate transpose, Tr{A} denotes the trace of A, |A| denotes the determinant of A, and ||A]|
denotes the Frobenius norm of A. We denote I the identity matrix with dimension determined from
the context. A > 0 represents that A is Hermitian and positive semidefinite (PSD). 0 denotes a
vector whose elements are all zeros, and its dimension is determined from the context. For a real
vector v and a real matrix A, v > 0 and A > 0 mean that all entries in v and A are nonnegative,

respectively. The operator “(-,-)” represents the inner product operation for vectors or a matrices.

2.2.1 Power Allocation

Suppose that the base station has n; antennas and each subscriber station has n, antennas. Let
H,gm) € Cm*™ represent the channel gain matrix from the base station to subscriber station k

over subcarrier m. For convenience, we let H = [HEJ”’ ck=1,...,K, m=1,..., M] denote the
collection of all channel gain matrices. The entries in each channel matrix are assumed to be i.i.d.
complex Gaussian distributed (Rayleigh faded). The received complex base-band signal vector at

subscriber station k over subcarrier m can be computed as

\/_Hk Xk (1)

where y,(gm) € C™ and x,(gm) € C™ represent the received and transmitted signal vectors of user k

over subcarrier m, respectively, n represents the normalized complex additive white Gaussian noise

A PmaxG d «

NoB /M denotes the signal-to-noise ratio

vector with zero mean and unit variance. In (1), px

(SNR) of subscriber station k, where P,y is the maximum transmission power of the base station,
G is some constant that depends upon specific system parameters, d;. is the distance between the
base station and subscriber station k, o represents the path-loss index, and Ny is the power density

of the complex additive white Gaussian noise.
Let matrix Q % ) denote the covariance matrix of input symbol vector Xk ,i.e. Q E{X,(Cm)

™1 It is evident from this definition that Q™ = 0 and Tr(Q\™) < 1. Physically, Q"™
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represents the power allocation among the n; antennas when transmitting data to subscriber station

k over subcarrier m.

2.2.2 Scheduling

For each subcarrier, all users are scheduled to transmit in a time-sharing fashion such that the

time-sharing intervals are non-overlapping across users. As a result, orthogonality is guaranteed in

frequency and time domains, which prevents interference among users. Let t,(cm) € [0 1] denote the
interval for transmitting data to user k over subcarrier m in a unit time frame. For convenience,

the collection of all time-sharing intervals is written in a vector form as
T
t = [t,ﬁm) k=1, K, m:1,...,M] .

From the time sharing mechanism , it is evident that the entries of t must satisfy
K

Z t,(cm) <1, for all m. (2)
k=1

If user k£ is scheduled to transmit over subcarrier m, then t,(gm) > (. In this case, let ngm) be the power

allocation for user k over subcarrier m. For convenience, we let Q = [Q,(Cm) ck=1,....K, m =
1,..., M] denote the collection of all power allocation variables for all users over all subcarriers.

The ergodic capacity of user k£ being transmitted over subcarrier m for a time interval t,im) can

be computed as [§]

ci™ = By [t,&m) log,

I+ pH™ ;m>H;m)*\] , (3)

where Ey [-] represents the expectation taken over the distribution of H.

2.2.3 Power Constraint

The power consumed by transmitting data to user k over subcarrier m for a time interval t,(gm) is

t,(fm)Tr(Qém)). Since the total power for the transmitter is finite, we have the following average power



constraint

Aot ] n

which represents the fact that the average consumed power cannot be greater than the maximum

transmit power of the transmitter.

2.2.4 Minimum Data Rate Constraints

To ensure fairness, let Ry, be the minimum data rate constraint for user k. Then for user k, we

have

En = bpn

M
>

m=1

Z Rmin,kz- (5)

M
>t 1og, [T+ peH{ QUVH{™'|
m=1

2.3 Problem Formulation

Putting together the power constraint, minimum data rate constraints, time-sharing constraints, and
the definitions of t and Q, the maximum weighted sum rate (MWSR) problem can be formulated

as follows:

MWSR: Maximize Zle wi, By [ZM ( )log2 I +p1<;H( m) (m)H]gm)TH
subject to  Ep Zn]‘le tl(cm) log, ‘I + PkHi(gm)ka)chm TH > Rping Yk

B |0l Sl (T <1 . (6)
Yty <1 v
t" 20, Q" =0 vk, im

where w;, 1 = 1,2,..., K, are some given weights.

3 An Off-Line Algorithm

In this section, we consider how to solve MWSR under the ideal case where full channel distribution
information (CDI) is available. In practice, the knowledge of CDI requires an off-line stage to

estimate from the channel stat information (CSI) feedback. Thus, an algorithm based on full CDI
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is an off-line algorithm. Although the off-line algorithm proposed in this section is not suitable
for practical protocol design, it can serve as the baseline that provides insights and an important
framework for the online adaptive method that we will design in the next section.

It is readily verifiable that MWSR is a convex optimization problem, which means that it can
be solved by standard convex optimization methods, e.g., interior point method [9]. However, even
though interior point method is of polynomial-time complexity theoretically, its direct application
on MWSR is very cumbersome due to the complex data rate expressions in (6).

Thus, in this paper, we will exploit the special structure of MWSR and design a more efficient
algorithm based on Lagrangian dual decomposition. The nice feature of this decomposition ap-
proach is that it enables us to derive closed-form solutions for scheduling and power allocation,
respectively. As a result, the problem of finding an optimal scheduling and matrix-valued power
allocation solution is translated into finding an optimal dual solution, which is in simple scalar form.

Toward this end, associate a dual variable u with the maximum power constraint and associate
a dual variable v, with the A minimum data rate constraint. For convenience, denote vector
vE [v1 vy ... vg]T the collection of dual variables associated with all minimum data rate constraints.
Then, the Lagrangian dual function can be written as

O(u,v) £ max {L(t, Q,u, v)|(t, Q) € T}, (7)

)

where t and Q denotes the collections of all scheduling and power allocation variables, respectively,

and the Lagrangian L(t, Q,u, V) is written as

K M
L(t7 Q7 u, V) = Z wi By Z t’(gm) ]0g2 I+ pkHl(cm)Ql(gm)H]E;m)T ’]
k=1 m=1

By 1—Fgy

K
+ka

k=1

L Q| b

2

k=1m

K M
- Rmin,k

M
Z ™ log,
m=1

)

1

[y

and VU is defined as U £ {(t, Q) ’Zle t,(gm) <1, t,(cm) >0, chm) >0, Vk, Vm}. After rearranging



terms and interchanging expectation and summations, the Lagrangian can be re-written as

L(t,Q.u,v) = i i En [tV F(Q™)] - i O Rinin i + 1, (8)
k=1 m=1 k=1
where F(Q™) is defined as
F(QU™) 2 (wy + vi) logy [T+ pe B QP H™! | — wTr(Q)™) (9)
Then, the Lagrangian dual problem of MWSR can be written as:
DMWSR . Minimize ©(u,v) subject to u >0, v > 0. (10)

If Slater condition (c.f. [10]) is satisfied, i.e., there exists an interior point in the feasible set W,
then strong duality holds, which means there is no duality gap between the primal problem in (6)
and the dual problem in (10). Therefore, the primal problem in (6) can be equivalently solved by
solving its Lagrangian dual problem in (10). Note that for any fixed values of u and v, we need to
solve the optimal Lagrangian dual in (7), which itself is a complex nonlinear optimization problem.

Toward this end, we first decompose (7) as follows:

t,QEV m
Qe YK M k=1

K M K
O(u,v) = max L(t,Q,u,v) = max {Z Z ax {EH |:t,(€m)F( ’(Cm))]} }—i—u—z Vg Rnin -

™ >0,Vk,m ~
Power Allocation Subproblem

N J/

Scheduling Subproblem

As a result, (7) can be solved by first fixing t to solve the inner power allocation subproblem with
respect to Q and then solving the outer scheduling subproblem with respect to t.
For the inner power allocation subproblem, we have the following proposition and its proof can

be found in Appendix A.

Proposition 1. The optimal solution of the inner maximization problem in (3) is given by

m)* m wk+vk m)y\ — m
QI — Uy (M ) o i

u +

ISlater condition is almost always true in practice.



where U,(cm) and A,gm) are the unitary matriz and the diagonal matriz achieved by performing eigen-

value decomposition on p ™ TH™ such that U™ A™UMT = p B TH™.

In fact, (11) can be interpreted as water-filling over the eigenstructure of channel state H,(cm)

with current dual variables u and v. Next, substituting (11) into (3), the Lagrangian dual function

becomes
K M K
O(u,v) = max {Z Z {EH [tl(cm)F(Ql(cm)*)] }} +u— Z Vg Runin - (12)
SR < k=1 m=1 k=1
™ >0,vk,m

For the outer scheduling subproblem with respect to t, we have the following proposition and its

proof can also be found in Appendix B.

Proposition 2. The optimal solution of the outer optimization problem in (3) is given by the

following scheduling:

my« ) 1 ifk=Fk",
b _{ 0 otherwise ’ (13)

where k* = arg maxy,(F(Q\™")).

The scheduling policy in proposition 2 possesses an “opportunistic” interpretation: for current

fading realization H, on each subcarrier m, we only schedule the user, denoted as k£*, who has the

maximum value of F'( ,(gm)) Thus, F(-) in (9) can be viewed as an indicator function that has the
combined effect of both link capacity and power consumption.

So far, we have established that (11) and (13) provide the optimal solution to the Lagrangian
dual function for a given dual variable (u, v). From saddle point optimality conditions [10], replacing
(u,v) in (11) and (13) with the optimal dual variable (u*,v*) in (10) yields the optimal scheduling
and power allocation solution to the original problem in (6). Thus, to solve the original problem, it
suffices to determine the optimal Lagrangian dual variables (u*,v*).

It can be observed that the Lagrangian dual problem in (10) is convex but non-differentiable.

In general, non-differentiable convex optimization problems can be solved by subgradient algorithm
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[10]. For the MWSR problem, the subgradients during the n'* iteration can be computed as

K M
du(n) = Zzt“” Q" ’*(n»], (14)
k=1 m=
M
do(n) = Ba | 310" () -logy [T+ o™ - QU (0) - H{™'|| = Ruiass (15)
m=1

where t( “(n) and Qk “(n) represent the optimal solutions in (13) and (11) with (u, v) replaced

by (u(n),v(n)). The updates of dual variables can be computed as

u(n +1) = [u(n) — s,d,(n)]],  ve(n+1) = [vg(n) — snd, ()]}, VE, (16)

=+

where [-], = max(-,0) and s, is the step size during the n'" iteration, U and V are some upper
bounds for u and v, for numerical stability, respectively. It is shown in [10] that if the step size

selection satisfies the following three conditions:

S — 0, an—>oo, and Zsi<oo, (17)
n=1 n=1

then the dual update iterates converge to the optimal solution u* and v*. An easy step size selection

strategy is the divergent harmonic series: s, = g, n =1,2,..., where 3 is some positive constant.

We summarize the subgradient-based off-line algorithm in Algorithm 1.

Algorithm 1 The Subgradient-Based Off-Line Algorithm for Solving MWSR
1. Choose the initial starting points u(0) and v(0). Compute Q*(1) and t*(1) according to (11) and (13).
2. In the n'” iteration, choose an appropriate step size s,,. Compute the subgradients d, (n) and d,, (n) using (14)
and (15) with t*(n) and Q*(n).
3. Update dual variables u(n) and v(n) using (16) with d,(n) and d,, (n).
4. If lu(n+1) —u(n)| < € and ||vi(n+ 1) — vg(n)|| < €, then return t*(n) and Q*(n) as the final optimal solution
and stop. Otherwise, let n = n + 1 and repeat Step 2.

4 An Online Adaptive Algorithm

In the last section, we designed an off-line algorithm based on subgradient approach to solve MWSR.

The limitation of the off-line algorithm is that it requires full CDI before being able to compute
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the subgradients in (14) and (15). Also, it can be seen from (14) and (15) that the subgradients
involves computing expectations over fading distributions, which is computationally expensive. To
address this issue, in this section, we use the off-line algorithm as a baseline and design an online
adaptive algorithm (OAA) by subgradient stochastic approximation.

The basic idea of OAA is that, instead of computing the exact subgradient with full CDI, we
use the instantaneous CSI feedback to compute an approximation of the true subgradient. Thus,
complete prior knowledge of full CDI is not necessary. We show that the stochastic iterations can
adapt to unknown underlying fading distribution and lend itself to an online algorithm, which is a
desirable feature in practical protocol design. In this section, we assume that the feedback of CSI is

error free. The impact of estimation error in the CSI feedback will be discussed in the next section.

4.1 Subgradient Stochastic Approximation

Similar to the dual iteration of the previous section, each iteration in the stochastic approximation

algorithm include the following two phases.

1. We substitute the current dual variables (u(n),v(n)) and the current channel states H into

the power allocation strategy in (11) and the scheduling policy in (13) to obtain t*(n) and
Q*(n).

2. We use t*(n) and Q*(n) to update the Lagrangian dual variables (u(n+ 1), v(n+ 1)) without

having to evaluate the expectation over the fading channel distribution.

The way to avoid computing expectations in (14) and (15) is to use the current channel realization
in each iteration to compute an approximation of the true subgradient. The stochastic subgradient

during the n'* iteration can be computed as follows:

du(n) = 1= Y 1" (n) Te(QU" (n)), (18)

k=1 m=1

I+ Pkagm) ' Q;E;m)*(n) : Him)T — Riin ks (19)

M
do(n) = Y " (n) log,
m=1
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where f,(cm)*(n) and Q,E:m)*(n) denote the suboptimal scheduling and power allocation decisions in

the n-th iteration under OAA, respectively. The updates on the Lagrangian dual variables can be

computed as

in+1) = a(n)—snczu(n)]i, Se(n+1) = [8x(n) — sndy, (n) i vk, (20)

We summarize OAA in Algorithm 2. Comparing with Algorithm 1, we see that the basic structure
of OAA remains the same as that of the off-line algorithm, which means that OAA can also be
implemented in a similar fashion. The only difference is that the expectation computation is no
longer needed. In the next section, we will prove that the stochastic iterates generated by OAA

converges to the optimal solution of (6) with probability one.

Algorithm 2 An Online Algorithm Based on Subgradient Stochastic Approximation
1. Choose the initial starting points %(0) and v(0). Compute Q*(1) and t*(1) according to (11) and (13).
2. In the n'* iteration, choose an appropriate step size s,. Update the subgradients azu(n) and (ka (n) using (18)
and (19) with t*(n) and Q*(n).
3. Update dual variables @(n) and ¥(n) using (16) with d,(n) and d,, (n).
4. If |a(n+1) — a(n)| < € and ||[Vi(n + 1) — V(n)| < €, then return t*(n) and Q*(n) as the final optimal solution
and stop. Otherwise, let n = n + 1 and repeat Step 2.

4.2 Convergence Theorem

In this section, we show that OAA converges with probability one to the optimal solution of MWSR.
The proof of this results hinges on a supermartingale convergence lemma [11], which is restated as

follows.

Lemma 1 (Supermartingale Convergence Lemma). Let {X,,} be an R"-valued stochastic process,
and V (+) be a real-valued non-negative function in R". Suppose that {Y,} is a sequence of random
variables satisfying that E,|Y,| < oo with probability one. Let {F,} be a sequence of o-algebra

generated by {X;,Y;,i <n}. Suppose that there exists a compact set B C R" such that for all n,

E, V(X)) = V(X)) < =806 + Y, for X, ¢ B,

oo 2

where s, satisfies s, — 0, > " 1 8, — 00, > o §2 < 00, and 0 is a positive constant. Then the set

B is recurrent for {X,}, i.e., X,, € B for infinitely large n with probability one.

13



Intuitively, this lemma states that as long as the martingale noise {Y,,} is bounded and the step
size A, is diminishing, then {Y,,} cannot drive the iterates {X,,} out of B as n — oco. Now we state

the convergence theorem as follows.

Theorem 1. [f the step size selection of s, satisfies (17), the stochastic iterations in (20) converge

to the optimal solution (u*,v*) of (10) with probability one.

Proof. To prove the convergence theorem, we first examine the structure of the stochastic subgra-
dients during the n-th iteration. It is not difficult to verify that these stochastic subgradients can

be decomposed as follows:

du(n) = du(n)+&(n)
dvk(n) = dvk(n)+€vk(n)’

where £,(n) and &,, (n) represents the martingale noise terms, which are defined as

&uln) 2 du(n) = Bua [du(n)

= Bu [ (n) - Q™ ()| — " (n) - Te(QP" (m). (1)
R R M
E(n) 2 dyy(n) = Bux [du(m)] = D78 (n) - 1og, [T+ peB™ - Q" () - H]™
m=1

—En 1+ pH™ - QU (n) 'H/(fmﬁ’] ' (22)

M
S i () - log,
m=1

Then, the stochastic dual updates can be written as
a(n+1) = a(n)— s, [du(n) + &(n)] + zu(n),
Up(n+1) = 0x(n) — s, [dy,(n) + & (n)] + 20, (n), VE,

where z,(n) and z, (n) are the correction terms that projects the stochastic subgradients back to

the non-negative orthant. It then follows that, for @(n), we have
[a(n +1) —u"? < Ja(n) — u*[* = 2s0(@(n) — w*) [du(n) + Eu(n)] + 55 [du(n) + &a(n)]

14



where the inequality holds due to the fact that the correction term &,(n) is non-expansive [12]. Since
that ©(u,v) is twice-differentiable with respect to u, F(Q(™) is bounded. Also, it is evident that
|i(n) —u*| is bounded and Fy [€,] = 0. From the iteration update in (20), it can be concluded that
|€4(n)] is bounded. From the iteration update in (16), it can be concluded that |d,(n)| is bounded.

Thus, we have

By Uﬁ(n +1)— u*|2] < |11(”) —u*|? = 28, (0(n) — u*)dy(n) — 28, (i(n) — u*) By [€u(n)] + O(s2)

An)

= o™ —u*? = 2s,(0(n) — u*)d,(n) + O(s2). (23)

Similarly, we can also show that

V(@ v) = |a—u'* + v = v, (26)

and define a ball centered at (u*,v*) as B, = {(4,v) : V(4,v) < €} for some given € > 0. According

to Lemma 1, the proof of recurrence of {(4(n),v(n))} boils down to showing that
(a(n) — u")dy(n) + (v(n) — v*,dy(n)) > 0. (27)
The above fact holds because for (i(n),v(n)), we have

(@(n) = u*)du(n) + (V(n) = v*, dy(n))
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Figure 2: The sketch of the basic idea in the proof of Theorem 1

where the (28) follows from the convexity of O(u,v) and (29) follows from the fact that (u*, v*) is
the global minimizer of ©(u, v). This shows that there exists d. > 0 such that (a(n) — u*)d,(n) +
(V(n) —v*,dy(n)) > 0 when (4,v) ¢ B,. It then follows from Lemma 1 that {a(n),v(n)} returns
to B, infinitely often with probability one, i.e., {@(n),v(n) : n =1,2,...} is recurrent to B..

Having shown the recurrence of {(@(n),v(n))}, our next step to prove the convergence theorem
is to show that for any small € > 0, there exists n; such that for n > ny, even if the martingale
noise terms &,(n;) and & (n) drive the (a(n+1),v(n)) away from B,, the trajectory of {u(n),v(n) :
n > ny} is still bounded by the contraction region Bs. almost surely. We sketch the basic idea of
this proof in Figure 2.

Toward this end, we first show that if n; is sufficiently large and (@(n; + 1), v(ny + 1)) moves
out of B, then (a(ny + 1), v(ny + 1)) resides in By, with probability one. This fact holds because

by Chebyshev’s inequality, we have

Pr (s &um)] > £) < 4Sn1EHQ§u<m>| ] -
Pr (sn ()] > §) < o Fall&tm)I] o
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Adding (30) and (31), we have that

Pr (s [J6u(mn)] + 6 (m)] > ) < omEllSum)l"+ & ()|

. (32)

2
This means that when n, is large, the change in one step is almost surely no greater than e. Thus,
(i(ny + 1), Vv(ny + 1)) resides in By, with probability one.

Next, we show that if (a(n; + 1),v(n; + 1)) € By N B,, where B, denotes the complement of
B., then for all n > ny + 1, (a(n),v(n)) € B3 with probability one. That is, the trajectory of the
series starting from (a(ny + 1),v(ny + 1)) resides in Bj. almost surely. By using the martingale

inequality [13, Eq. (1.4)], we have that,

u 4Eu[)|eM]?] &
Pr{sup Z 5,6 | > %} < #Z s2, form>ng +1,
n=ni+1 n=ni-+1

where Egl|€,(n)|?] £ limsup, Eu[|¢.(n)|?]. It then follows from the conditions of s, and the

boundedness of |,(n)| that

riiir;oPr {sup Z Snl&u(n)|| > g} =0, Ve > 0. (33)
n=ni+1
Similarly, we can also derive that
nyf;opr{sup > sllsmll] > g} =0, Ve > 0. (34)
n=ni+1
Combining (33) and (34), we have that
lim Pr {sup Z Sn [[&u(n)] + |IEv()|I]| > e} =0, Ye > 0. (35)
n=ni+1

That is to say, the accumulated distance deviating from (a(n; + 1),Vv(ny + 1)) is almost surely
less than e. As a result, the trajectory resides in B3, with probability one. Finally, since € can be

arbitrary small, it then follows that {(a(n),v(n)) : n = 1,2,...} converge to (u*, v*) with probability

one. ]
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5 Impact of Channel Estimation Error on Online Adaptive
Algorithm

In the last section, we assumed that CSI feedback, i.e., H, is free of estimation error. In practice,
the knowledge of H is learned by sending a number of training symbols from the base station.
Then, the subscriber stations estimate their channel gains and send back their estimations through
the uplinks. As a result, the error free assumption may not hold if the training and estimation
phase is not long enough and/or the uplinks are noisy. Also, the resolution used in CSI feedback
can introduce error. In this section, we will study the impact of the error in CSI feedback on the

convergence of OAA.

Denote the channel gain matrices with estimation errors as H = [IJI,gm) ck=1,...,K,m =
1,...,M]. Let Q,(fm) and f,im) be the resultant power allocation and scheduling decisions from (11)

and (13) when ngm) is replaced by ICI,(fm) . The Lagrangian dual variables are updated as follows:

a(n+1) = |u(n) — snczu(n)]+ o Oe(n+ 1) = |Te(n) — spdy, (n) L (36)

where the stochastic subgradients with channel estimation errors can be written as:

du(n) = 1= 3 85" (n) - Q™ (n)), (37)

k=1 m=1

M
doe(n) = DA™ () - logy |T+ o - QU () - B | = R (38)

m=1

It is readily verifiable that these stochastic subgradients can be decomposed as follows:

du(n) = du(n) + pu(n) + Cu(n) (39)

o (n) = dy, (1) + p, (1) + G, (1), (40)

where p,(n) and p,, (n) are biased estimation error of the stochastic subgradients, and are defined
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as

pa(n) 2 Eu | d(n)] - du(n)
= ifEH [ () - T(QU™ () = 7" (n) - TH(Q™" ()] (41)
k=1 m=1
pon() £ F |d (0)] — d ZEH[(’" og, [T+ e - QU () - HL|
0" (n) - log, [T+ peH(™ - Q™" (n) - H]™ (42)

and (,(n) and (,, (n) are martingale noise terms, which are defined as

Guln) 2 du(n) — En [d,(n)]

= B [I{""(0) - QP ()] — B () - TH(Q™ (), (43)
o) 2 oy () = B [dy )] = DDA () Jogy [1+ puH” - QU () - H
—En Zt ) - log, [T+ ppH™ - QU™ (n) - HY™T ‘] (44)

These stochastic subgradient decompositions lead naturally to the following two cases.

5.1 Unbiased Case

In unbiased case, Ey [y(n)] = 0 and Eg [ty (n)] = 0 for all n. In this case, we have the following

theorem.

Theorem 2. If Eg [p,(n)] = 0 and Eg [uy(n)] = 0 for all n and if the step size selection of s,
satisfies (17), the stochastic iterations in (36) converge to the optimal solution (u*,v*) of (10) with

probability one.
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Proof. Recall that the stochastic dual updates can be written as

aw(n+1) = a(n)—s,ldu(n) + pu(n) + Gu(n)] + zu(n),

Uk(n+1) = 0k(n) = sn[dy,(n) + pv () + Gu (R)] + 20, (1),

where z,(n) and z,, (n) are the correction terms that projects the stochastic subgradients back to

the non-negative orthant. For @(n), we have that

[a(n+1) = < Ja(n) —u* = 2s,(@(n) —u*) [du(n) + pa(n) + Cu(n)] + 57, [du(n) + p(n) + Eu(n)],

Applying the similar boundedness arguments in the recurrence proof of Theorem 1 and noting that

Eu [u(n)] = 0 and Eg [(u(n)] = 0, we have
By [|u(n+ 1) —u*)’] < la(n) — uw*? = 2s,(@(n) — u*)dy(n) + O(s5). (45)
Along the same line, it can be shown that
B [[v(n+1) = v[I"] < [Iv(n) = v'[|* = 25,(¥(n) — v", dy(n)) + O(sy). (46)
Adding (45) and (46), we have
By [Ju(n+1) —u*" + ||[v(n 4+ 1) — v*|]?]
< la(n) —w' P+ 19(n) = vII* = 25, [(@(n) — u")du(n) + (V(n) = v, dy(n))] + O(sy). (47)
Define a Lyapunov function as follows:
V(a,v) & @ —uf +[|v—v> (48)

The remainder of the recurrence proof follows exactly the same as that in the proof of Theorem 1
and is omitted here for brevity.

Similar to the proof of Theorem 1, having shown the recurrence of {(@(n),v(n))}, we need
to show that for any small € > 0, there exists a subseries of (@(n),v(n)) that resides in Bj, with
probability one. Note that from the boundedness of j,,(n) and iy (n), we have that > | 1, (n)] — 0
and > > | ||uv(n)]] — 0. Thus, the martingale noise terms (,(n) and (,(n) are the only force that
drive (a(n),v(n)) away from (u*,v*). Thus, we can again follow exactly the same argument in the

proof of Theorem 1 to prove the contraction part. This completes the proof. [
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5.2 Biased Case

In biased case, we have Eg [, (n)] # 0 or By [y, (n)] # 0 for some k. Let ji, £ limsup,, ., Ex [pt(n)]

and fi,, £ limsup,,_,., Fu [p, (n)], respectively. Define a neighborhood N, around the optimal so-

lution (u*, v*) as follows:

ﬂu Z ¢|du(u7 V)|7
Ny £ < (4, V)| fiy, > ¢|dy, (u,v)], for some k. (49)
0<¢p<l.

In essence, N, defines a neighborhood around the optimal point (u*, v*) since by KKT conditions
we have d,(u*,v*) = 0 and d,, (u*,v*) = 0 for all k, respectively. Also, d,(u,v) and d,, (u,Vv) are
continuous at (u*,v*). (49) requires that point in Ny satisfy |d,(u, v)| < %‘ and |d,, (u,v)| < ﬁ%,
which means that N is a neighborhood around the optimal point. With these definitions, we now

present the theorem for the case where Egy [, (n)] # 0 or Ey [, (n)] # 0 for some k.

Theorem 3. If Ey [1t,(n)] # 0 or Ex [y, (n)] # 0 for some k and if the step size selection satisfies
(17), then iterates {(u(n),v(n)) : n = 1,2,...}, generated by (36) returns to N, with probability

one.

Proof. Define a Lyapunov function as V (%, v) £ | — u*|?> + ||V — v*||?. Consider a neighborhood
around the optimal solution (u*, v*), denoted by N, UB,, where B, = {(@, V) : V (4, V) < €}. Recall
that for a(n), we have that

[a(n+1) —u? < |a(n) —u** =25, (a(n) = u") [du(n) + pu(n) + ()] + 57 [du(n) + pa(n) + &u(n)]°,

Notice that for (4, V) ¢ N, UB,, we have limsup,,_,. En [1(n)] < ¢|du(u, v)|. Applying the similar
boundedness arguments in the recurrence proof of Theorem 1 and noting that Ey [(,(n)] = 0, we

have

By [Ja(n + 1) — '] < Ja(n) — u']* = 2s,(1 = ¢)(a(n) — u”)du(n) + O(s7). (50)
Along the same line, it can be shown that
By [|[¥(n+1) = v ?] <[¥(n) = v'[* = 25,(1 = ) (V(n) = v*,dy(n)) + O(s7).  (51)
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Adding (50) and (51), we have

Eq[lan+1) —u* P +|[v(n+1) = v¥|]?*] <
a(n) — u* | + [[V(n) — v¥||> = 25,(1 — ¢) [(@(n) — u*)du(n) + (V(n) — v*,dy(n))] + O(s}.).(52)

The recurrence of {(u(n),v(n)) : n =1,2...} to Ny UB, follows exactly the same as that in the
proof of Theorem 1. Next, by letting ¢ — 0, we have that {(a(n),v(n)) : n =1,2...} is recurrent
to N¢. O

Theorem 3 shows that there exists a neighborhood around the optimal solution where the iterates
generated by OAA return infinitely often with probability one. Thus, it is of interests to study how
small such a neighborhood could be. In the following theorem, we characterize the relationship

between the size of the neighborhood and the channel estimation errors.

Corollary 4. The neighborhood around the optimal solution (u*,v*) where OAA returns infinitely

often is inner bounded by points (u,Vv) that satisfy
|du(u, V)| = i, and |dy, (u, V)| = fip, for all k. (53)

Proof. From Theorem 3, we know that OAA returns with probability one to a neighborhood N,
around the optimal solution. Recall that any point (@, V) € Ny satisfies ¢|d,(u, V)| < fi,. Also by
definition, f, is the supremum limit of p,(n). Thus, combining these facts, we know that there

exists an ¢ € [0, 1) such that
Bt ()] < 0ldu(t, V)| < s for (u,v) € N, (54)

From (54), it follows that

duuv)] =0t (55)

On the other hand, as n — oo, |d,(u, V)| decreases because the iterates driven by d,(u,v) moves
toward the optimal point (u*,v*). Thus, as the value of |d,(u, v)| decreases, ¢ will asymptotically
approaches 1. As a result, the iterates generated by OAA are inner bounded by points (u,v) that

satisfy |dy(u,v)| = fi,. Follow the same line, it can also be shown that |d,, (u, V)| = fi,- O
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6 Numerical Results

In this section, we present some pertinent numerical results to give further insights on our theoretical
analysis. In order to show all the details in the cross-layer solution, we use a small 5-user system
with 5 subcarriers in the simulation study. Each subcarrier is subject to Rayleigh fading. The mean
SNR for these five users are 9.06dB, 7.47dB, 5.53dB, 8.23dB, and 6.78dB, respectively. The base
station and subscriber stations are all equipped with 4 antennas. The weights for all five users are
all set to 1. Every user has the same minimum rate constraint of 1 b/s/Hz.

We plot the convergence processes of the off-line algorithm and OAA in Figure 3(a) and Fig-
ure 3(b), respectively. Figure 3(a) shows that the off-line algorithm takes approximately 1300
iterations to converge to the maximum weighted sum rate, which is 14.745 b/s/Hz for this example.
In contrast, it is seen from Figure 3(b) that after approximately 1500 iterations, OAA also converges
to the same maximum weighted sum rate. This corroborates our theoretical result in Theorem 1. It
is worth pointing out that although the number of iterations of OAA is seemingly larger than that of
the off-line algorithm, the running time of OAA is much shorter than that of the off-line algorithm.
The reason is because during each iteration, OAA does not evaluate the expectation over the fading
distribution, which is computationally expensive. Comparing Figure 3(a) and Figure 3(b), we can
also see that, due to using stochastic approximate subgradients, the objective value is not mono-
tonically increasing across iterations. Oscillations can be observed during the convergence process.
However, the diminishing step sizes guarantee that the iterates move to a closer distance to the
optimal solution after each iteration.

For this example, the optimal data rates for user 1 to user 5 are 3.576, 3.341, 2.447, 2.196, and

3.185, respectively (in b/s/Hz). The optimal dual solution is u* = 4.521 andv* =0 0 0 0 0 ]T.
We have an all-zero solution of v because the optimal data rates are all greater than the minimum
data rate constraint. Since MWSR problem is a convex optimization problem with Slater constraint
qualification holds, KK'T condition is both necessary and sufficient for optimality. From the com-
plementary slackness property of KK'T condition, it is not difficult to see thatv must be all zero at

optimality in this case.
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Figure 3: Convergence behavior comparison between the off-line algorithm and OAA.

With «* and v*, power allocation can be easily computed using (11). For example, suppose that

user 1’s current channel state over subcarrier 1 is

—0.9038 + 0.72451
0.5010 — 1.75672
—0.6397 — 0.37871
0.1314 — 0.3127¢

1
H{" =

0.0919 — 0.23941
—0.4235 + 0.60957
0.7217 + 1.1301¢
—0.6969 + 0.4825:

(1)

then the optimal power allocation for Hy’ is

0.1285

—0.0624 + 0.0328¢
—0.0469 — 0.0116%
0.0322 + 0.0020:

1)*
Q" =

—0.0624 — 0.0328¢
0.1154

0.0122 — 0.0398¢
0.0369 + 0.0045¢

0.3681 — 0.4639:
—0.1293 + 1.0657%
—0.3929 + 0.5060:

0.0652 — 0.3019¢

—0.0469 + 0.0116¢
0.0122 + 0.0398:
0.0710

—0.0320 + 0.0065¢

—1.6962 + 0.30202

—0.2720 — 0.9650:
0.0091 — 0.0399: |’

—0.8550 + 0.9631¢

0.0322 — 0.0020z
0.0369 — 0.0045:
—0.0320 — 0.00652
0.1683

It can be seen that le)* = 0 and Tr(le)*) = 0.483. This means that, when user 1 is scheduled to

transmit, the optimal power allocation to user 1 for current channel state is approximately one half

of the total transmit power and the transmit signal vector x (corresponding to 4 antennas) should

have a covariance equal to le)*. As for scheduling, if le)* yields the largest value of F(-) in (9),

then the base station will only schedule user 1 to transmit until the channel state varies.
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Figure 4: OAA with channel estimation error.

Next, we simulate the cases where the CSI is inaccurate and study the impacts of CSI error on
OAA’s performance. We use the same 5-user network example for comparison. We first simulate
the case where the stochastic subgradients are unbiased. In this case, we let i, (n) ~ N(0,0.5) and
fy, (1) ~ N(0,0.5) for all k, where A/ (0,0.5) represents the normal distribution with zero mean and
a variance of 0.5. The convergence process of the unbiased case is plot in Figure 4(a). It can be
observed that after approximately 7000 iterations, OAA converges to the same maximum weighted
sum rate. This corroborates our theoretical analysis in Theorem 2. Next, we simulate the case
where the stochastic subgradients are biased. In this case, we assume that j,(n) and pu,, (n) are
uniformly distributed in [0 0.5]. Figure 4(b) shows the convergence process for this example. It
can be seen that, despite the biased estimation error, OAA still converges to a neighborhood of
the optimal solution. In this example, OAA converges at 12.954 b/s/Hz. This corroborates our
theoretical analysis in Theorem 3.

To see the efficacy of OAA for large-sized networks, we run another example with 50 users. For
this example, the running time of the off-line algorithm becomes very long because of the heavy
computational load in evaluating expectations over the joint fading distribution of 50 users. In

contrast, the running time of OAA is insensitive to the increase of the number of users. In this
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Figure 5: The convergence process of a 50-user example.

example, the mean SNRs for these 50 users are drawn from the uniform distribution on the interval
[7 12] (in dB). The base station and subscriber stations are all equipped with 4 antennas. The
weights for all users are 1. In this example, every user has the same minimum rate constraint of 0.2
b/s/Hz. For this example, the convergence process of OAA is plotted in Figure 5. It can be seen
that OAA takes approximately 9200 iterations to converge, which shows that the efficiency of OAA

remains quite satisfactory for large-sized networks.

7 Related Work

In recent years, there has been active research on WiMAX access networks. In particular, after
MIMO technology was adopted as an enhancement for WiMAX in IEEE 802.16e specification [2],
capacity issues at MIMO-based WiMAX physical layer have received much attention. For example,
in [14], Biglieri et al. investigated the tradeoffs between spatial diversity, interference cancelation
and spatial multiplexing in MIMO-based WiMAX physical layer. In [15], Muquet et al. discussed
and compared bit error rate performance between Alamouti’s space-time block coding [16] and
spatial multiplexing [17] through simulations. In [18], Salvekar et al. investigated the application of
Alamouti’s space-time coding scheme and spatial multiplexing in WiMAX systems, and proposed a

space-frequency interleaving algorithm for open-loop MIMO in WiMAX . In [19], Mehlfiihrer et al.
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conducted extensive measurements and evaluated the throughput performance of MIMO WiMAX
under various limited feedback settings. However, these works only focused on capacity issues and
do not consider resource management such as scheduling and power allocation and their impact on
system performance.

Another closely-related line of research is on joint subcarrier scheduling and power allocation for
multi-carrier communications systems. Most work in the literature consider single-antenna-based
systems. It was shown in [20] that adaptive subcarrier loading and modulation can substantially
increase the capacity of a multi-carrier communication system. In [21,22], Song and Li proposed a
framework for subcarrier assignment and power allocation in OFDM wireless networks and designed
various optimization algorithms based on this framework. However, their framework did not capture
subcarrier scheduling in time domain. In [23] , Liu et al. proposed a scheduling algorithm at the
MAC layer for multiple connections with different QoS requirements, where each connection employs
adaptive modulation and coding schemes at the physical layer over fading channels. The limitation
of this work is that the scheduling algorithm assumes no power control and is only valid for block
fading channel model. Also, they did not discuss fairness issues and the impact of inaccurate CSI

on the performance of their scheduler.

8 Conclusion

In this paper, we investigated the maximum weighted sum rate (MWSR)) problem for the downlinks
of MIMO-based WiMAX access networks. First, for the ideal case where full channel distribution
information (CDI) is available, we designed an off-line algorithm for the MWSR problem to obtain
an optimal solution. For the practical case where full CDI is not available, we used the off-line
algorithm as a baseline and designed an online adaptive algorithm (OAA) based on subgradient
stochastic approximation. For OAA, when channel state information (CSI) is error free, we showed
that it is able to converge with probability one to the same optimal solution obtained by the off-line
algorithm. In the case when there is estimation error in CSI, we showed that OAA can still converge

with probability one to the same optimal solution if the resultant subgradients are unbiased, or to
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some neighborhood of the optimal solution when the resultant subgradients are biased.

A Proof of Proposition 1

Proof. For convenience, we drop pj since it can be absorbed into H,(gm). By using log, I+ AB| =

log, I+ BAJ, we have log, |I+ H,(cm)Q,gm)H,im)T’ = log, [T+ (Q™)2E™TH™)(Q!™)2|. Notice

that if (H,(Cm)TH,(cm)) is not full rank, we can always construct a full rank matrix by performing

eigenvalue decomposition on (Qém))% (H,gm)THém))(Q,gm))%, discarding all zero eigenvalues and their

corresponding eigenvectors, and then multiplying back. Denote this new matrix by F, it can be
casily shown that log, |I+ (Q™)z (H{™TH™)(Q!™)z| = log, |I + F|. Therefore, without loss of
generality, we assume that (H{™ H{™) is full rank.

Construct a Lagrangian function by introducing Lagrangian multiplier w,im) associated with
constraint Q,(fm) = 0. From KKT optimality conditions, we must have that the derivative of the
Lagrangian function with respect to Qém) is zero and w,(j”) = (. Since Q,(Cm) = 0 is obviously not

(m)

optimal, we must have w, ~ = 0. Therefore, the Lagrangian function would become Oy, itself

and we can directly take the derivative of Oy, with respect to Q,(gm) and set it to zero. By using

2 Indet(A + BXC) = [C(A + BXC)"'B]" and % Tr(X) =1I (c.f. [24]), we have

(e + vi) log [T+ HYTH QY™ | — wTr(Q)™)]

0Q;"

—1
= (wy + v (HH) (T+ HHQEY) - —ul =0,

Solving for Q,im), we have Q,(Cm)* = [wkTJr”’“I — (H,gm)TH;m))_l] , where [-]| represents the projection
Jr
onto the positive semidefinite cone. From Moreau decomposition, we know that the positive semidef-

inite projection can be achieved by performing eigenvalue decomposition on w’“TJr“kI— (H,(Cm)TH,(cm))_l,

setting all non-positive eigenvalues to zero and keeping all eigenvectors unchanged, and then mul-
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tiplying back. Thus, letting (ngm)TH’im)) = U,Sn)A,(:L)Ué,m)T be the eigenvalue decomposition of

H™TH™) where A™ is the diagonal matrix containing all eigenvalues and U™ is the unitary

matrix corresponding to all eigenvectors, we have

Wi + ka B (ngm)THl(gm))l‘| _ U]gm) (wk + ka . (Al(cm)>1> U}(ﬁm)T.
u + u +

This completes the proof. O

B Proof of Proposition 2

Proof. Since Zszl tém) <1Vm and t,(cm) > 0, it follows that

K M M K M
SOSTHTFQM) <Y R@QIT) Y AT <> Qi) (56)
k=1 m=1 m=1 k=1 m=1

It is observed that equality in the latter part of (56) holds only when

fm)x 1 if k= k¥,
k=1 0 otherwise ’

This completes the proof. O
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