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Abstract—Network-coded cooperative communications (NC-
CC) is a new advance in wireless networking that exploits
network coding (NC) to improve the performance of cooperative
communications (CC). However, there remains very limited
understanding of this new hybrid technology, particularly at the
link layer and above. This paper fills in this gap by studying a
network optimization problem that requires joint optimization
of session grouping, relay node grouping, and matching of
session/relay groups. After showing that this problem is NP-
hard, we present a polynomial time heuristic algorithm to this
problem. Using simulation results, we show that our algorithm
is highly competitive and can produce near-optimal results.
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I. INTRODUCTION

Recent advance of employing network coding (NC) in
cooperative communications (CC) has shown great potential
of this new hybrid technology [3], [14], [15], [17], [20],
[21], [23]. The so-called NC-CC combines two seemingly
orthogonal technologies (CC and NC) and exploits NC to
the fullest extent to mitigate potential inefficiency in CC,
particularly in a mult-user network. Although some early
results have shown the potential of this new hybrid technol-
ogy, fundamental understanding of NC-CC remains limited,
particularly at the link layer and above. The goal of this paper
is to fill in this gap by offering some new results on optimal
grouping and matching for NC-CC in a multi-user network.

Background. We show how a group of sessions can
share a set of relay nodes under NC-CC. Consider a set
of m sessions, denoted as S = {(so,do),(s1,d1), ",
($m—1,dm—1)} (see Fig. 1(a)) that share the same channel.
Under direct transmission (i.e., NC-CC is not employed), a
time frame 7' is divided into m time slots and each session
is assigned to a time slot for transmission via TDMA (see
Fig. 1(b)). But under NC-CC, a set of relay nodes are
employed in data transmission for the m sessions (see Fig. 2).
Denote the set of n relay nodes as R = {rg,r1, -+, "pn—1}-
Figure 2(a) shows the time slot structure of a frame under
NC-CC. Here, a time frame 7" is divided into (m + 1) time
slots. The first m time slots are used by each source node
for data transmission (see Figs. 2(b)-(d)). Each of these
m transmissions is also overheard by the n relay nodes
(in addition to the destination nodes). In the (m + 1)-th
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(b) Time slot structure of a frame.
Fig. 1. Direct transmission for a set of communication sessions.

time slot, each relay node combines the m received signals
via NC (independent from other relay nodes) and broadcast
the combined signal in the (m + 1)-th time slot. Note that
these broadcasts by the relay nodes are received by all the
destination nodes (see Fig. 2(e)).

At each destination node, some signal processing is needed
to extract information from the combined signal in the (m +
1)-th time slot. The details of this extraction process was
given in our prior work in [17], where it was shown that for
each session (s;,d;), its mutual information is:
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(a) Time slot structure of a frame.

(c) Time slot 2.

(d) Time slot m. (e) Time slot m + 1.

Fig. 2. A schematic diagram illustrating the mechanism of NC-CC between
a set of sessions and a set of relay nodes.

where «,.; is the amplification factor for the relay node r;
and is given by
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Finally, the achievable rate for a session (s;, d;) is
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where W is the channel bandwidth.

Problem Statement. A close look at (1) and (3) suggests
that the achievable rate of a session under NC-CC depends
on two factors: (i) the number of sessions participating in
NC-CC, and (ii) the channel conditions among the nodes.
In a multi-session network, it may not be desirable to put
all the sessions in one group and all the relay nodes in
another group as in Fig. 2 (as doing so may not optimize the
achievable rate of each session). It might be more appropriate
to put sessions and relay nodes into different groups and
match them up appropriately for optimal performance. This
observation leads to the grouping and matching problem that
we plan to investigate in this paper.

Our Contributions. In this paper, we investigate the
following joint problems in a multi-user network under NC-
CC: (i) how to put sessions into different groups; (ii) how to
put relay nodes into different groups; and (iii) how to match
the session groups with relay groups under NC-CC. Specifi-
cally, we study a network optimization problem with the goal
of maximizing the sum of weighted rates of all sessions.
This optimization problem requires a joint optimization of
all three components. We show that this problem is NP-hard.
Subsequently, we develop a highly competitive and efficient
algorithm to solve this problem.

Paper Organization. The rest of the paper is organized
as follows. In Section II, we describe the session/relay
grouping and matching problem in detail. We also show
that this problem is NP-hard. In Section III, we present an
algorithm to this problem. Section IV presents numerical
results to demonstrate the performance and efficiency of the
proposed algorithm. In Section V, we discuss related work,
and Section VI concludes this paper.

II. PROBLEM DESCRIPTION

Consider a network where there is a set of sessions
S ={(s0,do), (s1,d1), -, (Sm—1,dm—1)} and a set of relay
nodes R = {rg,71,--,Tn—_1}. For each session (s;,d;), the
source node s; always has data to transmit to the destination
node d;. We assume that each node can only serve one
distinct role of either source, destination, or relay. Assume
all the nodes are in the same interference (collision) domain.
Therefore, similar to Fig. 2(a), a time frame of length 7" needs
to be divided among the sessions to coordinate transmissions.
Given the availability of relay nodes, NC-CC may be used.
Our goal is to exploit the potential of NC-CC and set up a
transmission schedule so that our performance objective is
optimized.

In this network setting, a number of questions arise natu-
rally.

o First and foremost, from each session’s perspective,
what set of relay nodes should it employ to increase
its achievable rate?

e Second, from each relay node’s perspective, what set of
sessions should it support (in the context of NC-CC)?

o Third, should we partition the set of sessions and relay
nodes into different groups? And if so, how to group
these sessions and relay nodes, and how to match them
to optimize our objective?

o Finally, how should the time slots in a frame be
structured so as to coordinate the transmissions of all
sessions?

Regarding the first question, one can quickly deduce, by a
simple numerical analysis of (1), that blind employment of
all relay nodes in the network may not maximize a session’s



achievable rate. This is because background noise, introduced
in the received signals at certain relay nodes, could be
high. Once such noisy signal is amplified, transmitted, and
aggregated with signals from other relay nodes, it will lead
to large noise in the received signal at a destination node,
thereby reducing the session’s achievable rate. Another issue
is that the variance of NC noise increases monotonically with
the size of the relay group. Therefore, in the interest of each
session, it is important to select an optimal subset of relay
nodes to maximize its achievable rate.

For the second question, by observing (2), one can easily
find that the variance of NC noise increases monotonically as
the number of sessions. Since the achievable rate decreases
as NC noise variance increases, we conclude that loading a
relay node with a large number of sessions will not maximize
our objective. Therefore, from a relay node’s perspective, it
is important to select an optimal subset of sessions.

Based on the above discussion, it is easy to answer the
third question. Clearly, we need to partition the set of sessions
and relay nodes into different groups. Note that there could
be some overlap among the sets of relay nodes, i.e., a relay
node may lie in multiple groups. However, a session can only
appear in one group. As we shall show, grouping of sessions
and relay nodes is not a trivial task, neither is the problem
of matching them to maximize our objective.

For the last question, once the optimal session/relay group-
ing and matching problem is solved, the time slot structure
can be determined using a simple scheme as follows. A set
S, with |Sy| sessions will have total available time of |Sy|¢.
When this session group uses a relay group R; for NC-CC,

the time slot duration for every session in Sy, will shrink to
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R; . .. .
where S;,” denotes the session group (containing session
(si,d;)) that is matched to relay nodes in R;.

Problem Complexity. Our goal in this paper is to perform
optimal grouping of sessions and relay nodes, and matching
these groups so that the sum of weighted session rate is
maximized. For session grouping, the smaller the size of
each group, the larger the mutual information, due to smaller
NC noise. But on the other hand, comparing (3) to (5), we
find that smaller session group size will also have smaller
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greater than |S;fj ). For grouping of relay nodes, there is even
more flexibility, as any relay node may be part of multiple
relay groups. Finally, the optimal matching problem is highly
complex, due to the large design space of potential session
groups and relay groups.

Theorem 1: The joint session/relay grouping and matching
problem for NC-CC is NP-hard.

We give a sketch of proof as follows. In [16], Sharma et
al. considered a simpler grouping and relay node selection
(GRS) problem, with the same objective of maximizing the
weighted sum rate of the sessions in the network. There
was no consideration of grouping of relay nodes. In other
words, the size of each relay group was set to 1, which
can be viewed as a special case of the problem in this
paper. For the GRS problem, Sharma et al. used matching
problems in hypergraphs to show that the GRS problem is
NP-hard. Given that the GRS problem is a special case of
our joint session/relay grouping and matching problem, we
can conclude that our problem is at least NP-hard.

III. G2M: AN ALGORITHM FOR SESSION/RELAY
GROUPING AND MATCHING

In this section, we present an algorithm that performs
session grouping, relay grouping, and matching of session
and relay groups. We abbreviate this algorithm as G2M, with
the “2” referring that grouping operation is performed on both
sessions and relay nodes. We present the G2M algorithm in
Sections III-A and III-B.

A. Basic Idea

The basic idea of G?M is to have each session initially
matched independently to a group of relay nodes. That
is, we try to maximize the mutual information for each
session independently. Then through merging of sessions and
modifications of relay node groups iteratively, we obtain a
final solution.

In the initialization phase, we let each session (s;,d;), i =
0,---,m—1, form a group on its own, i.e., S; = {(s;,d;)},
i =0,---,m—1. Then for each session group S; (which has
only one session), we find a set of relay nodes for it, which
we denote as R;, ¢ = 0,---,m — 1. The set of relay nodes
is determined through an iterative process that begins by
considering all the relay nodes in the set, and then removing
some relay nodes from the set that are not helpful to that
particular session.

In the main program, during each iteration, we consider
pair-wise of session groups and see if merging the two will
result in an improved objective function. Clearly, merging of
two session groups also requires the merging of two groups
of relay nodes. To increase the chance of successful merger



of two session groups, modifications of relay nodes (in terms
of removing some nodes) are allowed in the newly merged
relay node groups. Such iteration terminates when we can no
longer find a pair of session groups to merge that can produce
a greater objective value. At this point, G>M terminates.

B. Algorithm Details

Initialization. As discussed in Section III-A, we start by
having each session group contain only one session, i.e. S; =
{(ss,di)}, i = 0,---,m — 1. For each session S;, we will
find a group of relay nodes R;, 7 = 0,---,m — 1 for it so
that the achievable rate of this session is maximized. Based
on (1), when S; = {(s;,d;)} is matched to a relay group R;,
its mutual information is

Inc-cc (Si, {(si,di)}, Ry, di) = logy (1 + SNR;, g,
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Now we need to find a group of relay nodes R; for each S;
that can maximize SNRg,,. The following theorem shows
that this problem is also NP-hard.

Theorem 2: For a single session, the problem of finding
an optimal group of relay nodes that maximizes the session’s
achievable rate is NP-hard.

We offer a sketch of proof here. In [16], Sharma et al.
showed that the problem of having a single relay node to
select an optimal group of sessions among a set of sessions is
NP-hard. The proof technique there was based on matching
problems in hypergraphs. The mathematical nature of that
problem is exactly the same as this one, and thus the proof
here can follow the same token.

We now present a heuristic algorithm to construct an initial
matching.

e For S; = (s, d;), we start with a group R; that includes
all the relay nodes in the network.

e To maximize SNRg,,, we identify and remove certain
relay nodes (one at a time) from R;.

— The first candidate for possible removal is the relay
node with the poorest channel condition between s;
and itself, i.e., the relay node r; with the smallest
value of SNRj;, .. This node is likely to introduce

the largest noise component. From (6), we can see
that this relay node is also likely to contribute the
largest amount to the denominator.

— Remove this relay node, say r; with the smallest
SNRg, ;. If session (s;,d;)’s mutual information
increases, this removal is permanent; otherwise, r;
is added back to R;.!

— Repeat the above process for the relay node with
the second smallest value of SNR, -, and so forth.

« During the above iteration for S;, some relay nodes may
be removed from R;. As a result, we should go through
another iteration of checking and removing the relay
nodes from the current R;. This is due to the nonlinear
nature of (7). Note that in the above iteration, when
we check the current relay nodes in R; for removal,
the relay nodes in R; at that time are different from
the current R;. Thus, it may now be possible to further
remove some of the current relay nodes and improve
Ri.

o We terminate the process of removing the relay nodes
from R; until none of the remaining relay nodes can
be removed from R;. The current set of relay nodes in
‘R constitutes the initial group of relay nodes that is
matched to S; = (s;,d;).

e As a last step, we want to ensure that the achievable
rate of session (s;,d;) is no less than that under direct
transmission. If yes, we will keep this relay group;
otherwise, we set R; = 0, indicating that initially no
relay node will be matched to this session.

Main Program. After initialization, we have an initial list
(say £1) of m = |S| matchings with every session group
(containing a single session) matched to a group of relay
nodes. Note that NC is not yet employed and the goal of
the main program is to merge session groups (two at a time)
so that NC can be fully exploited to increase the objective
of our optimization problem (i.e., weighted sum rate of all
sessions).

In the first iteration, we go through the initial list £ that
has m entries of (S;, R;) matchings. We consider all possible
pairs of entries (S;, R;) and (S;,R;), S; # S;, for possible

-1
merger. There are %

possibilities.

Denote Liemp a temporary working list to store our
intermediate matching results. For every matching pair of
entries [(S;, Ri), (S;,R;)] in L1, we perform the following
steps.

 Suppose two session groups S; and S; are merged into
one session group S; US;. Then the two corresponding
relay node groups R; and R; are also merged into one

I'This is because that, from (7), not only the values of SNRSi,-j , but also
the values of SNRTJ, d; and the SNR values of the other relay nodes are
affecting the value of SNRgqy,.



relay node group R; UR ;. Now we have a new session
group S; U S; matched to a new relay group R; UR;.

o Given that R; and R; likely contain different sets of
nodes, some of which may benefit sessions in one group
but not the other. To ensure that every relay node in
R; UR; will benefit the new session group S; US;, we
examine each non-overlapping relay node in R; U R;
(i.e., the relay nodes that are not part of both R; and
‘R;) one at a time and remove any relay, say ry if its
presence in R; UR; is harmful to the objective function
for the new session group S; U S;. After this process,
we have an updated relay group, which we denote as
(RiUR;)*.

o To determine whether or not the proposed new matching
(S US;, (Ri UR;)*) should be stored in Liemp, We
compare whether or not there is any improvement in
the objective function, i.e., whether or not
Y sesius, WkOnece(sk, Si U ), (Ri UR;)" di) >
(X5, es, wkCnece(sk; Si, Ris di)+
Zskesj wkCNC—CC(Sk, Sj, Rj, dk)) ?

— If there is an increase in objective, then we store
the new matching (S; US;, (R; UR;)*) in Licmp.
Also, we calculate the net increase in the objective
value due to this merger, which we call temporary
gain.

— If the objective value decreases or remains same,
then there is no benefit in merging S; and S;. There-
fore, we declare this proposed merger a failure.
If (S;,R;) and (S;,R;) have not been stored in
Liemp, we Will store both as two entries in Liemyp
and associate each with a zero temporary gain.

We now have a list L.y containing several beneficial
matchings and some matchings with zero gain. Note that a
session group S; may be part of multiple matchings in list
Liemp. We now want to create a list Lo where any session
group S; will only appear in exactly one matching. This is
equivalent to having each session appear only once in some
session group in L. To accomplish this, we consider entries
in Liemyp in decreasing value of temporary gain. For any such
entry under consideration, we do the following.

« If none of the sessions in this session group appears in
any session group of Lo, this entry of matching (session
group and relay node group) is saved in Lo. This entry
is also removed from Licynyp.

« If all sessions in this session group already appear in
some session groups in Lo, this entry is not saved in
L. Further, this entry is also removed from Licynp.

« If some, but not all, sessions of this session group appear
in some session groups in Lo, then we will recover the
session group containing the remaining sessions (i.e.,
those not showing up in L3) and its matching relay

group from £; . This recovered matching entry will carry
a temporary gain of zero and will replace the one in
Etemp-

The above process continues until L¢cr,p, is empty. At this
point, each session should appear only once in some session
group in L,. This completes the first iteration of our main
program.

Future iterations of the main program are similar to the first
iteration. The program terminates when no further mergers
are possible, i.e., the temporary gain is zero for all entries
in Liemp. Then the matching created in the previous itera-
tion is our final solution. The total complexity of G2M is
O(ISPIR[? + [SP|R] +[S[°).

IV. NUMERICAL RESULTS

In this section, we present numerical results to demonstrate
the performance and efficiency of our G*M algorithm. Our
goals are twofold: (i) to show G2M algorithm offers better
results than direct transmission, and (ii) to demonstrate that
the solutions constructed by G2M are close to the optimal
solutions obtained by CPLEX solver [5].

A. Parameter Settings

For all network instances used in this simulation study,
we assume the transmission power at each node is 1 W. The
available transmission bandwidth at every node is 20 MHz,
and the variance of white Gaussian background noise at all
nodes is 1071% W. The channel gain between two nodes s
and d is modeled as |hsq|? = ||s — d|| 7%, where ||s — d|] is
the distance between s and d (in meters).

B. Results

1) G?>M vs. Direct Transmission: We consider 100 ran-
domly generated network instances, each with 30 nodes
(7 source-destination pairs and 16 relay nodes). For each
instance, the nodes are randomly deployed in a 1200m x
1200m square area. We calculate the objective value for each
network instance under both G>M and direct transmission.
Figure 3(a) plots the ratio of the objective values obtained
under G2M and those under direct transmission when all
the weights in the network are set to 1. Similarly, Fig. 3(b)
plots the ratio when each session’s weight in the network is
randomly chosen between 0 and 1. In Fig. 3(a), the average
ratio is 2.53 (with a variance of 2.83); in Fig. 3(b), the
average ratio is 2.67 (with a variance of 3.98). Note that
under any network instance in each figure, the ratio between
the two is always greater than 1.

2) Near-Optimality of G*M: To validate the performance
of G?M, we compare the results by G2M to the optimal
solutions obtained by solving a mathematical formulation
of our session/relay grouping and matching problem. A
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mathematical formulation of this problem is in the form of
0-1 integer linear program (ILP), and is omitted due to page
limitation.

Figure 4(a) shows the ratio between the objective values
obtained by G2M over those from CPLEX when the weight
of each session is set to 1. Similarly, Fig. 4(b) shows the
ratio between the two when the weight of each session is
randomly set between [0, 1]. As we can see, the performance
of G?M is highly competitive in both cases. It is 98.8%
of optimal on average (with a variance of 0.05) for fixed
weights, and 97.7% optimal on average (with a variance of
0.15) for random weights. Note that the runtime complexity
of the centralized solver that solves ILP is exponential (as
opposed to polynomial for the G2M algorithm).

V. RELATED WORK

Although CC has been an active research area for many
years (see, e.g., [11, [4], [6], [7], [9], [8], [10], [11], [12],
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[19], [18], [22]), recent development in employing NC in CC
(so-called NC-CC) has chartered a new research direction.
To date, research on NC-CC is still in its early stage and
results remain limited [3], [14], [15], [20], [21], [23]. In
[3], Bao and Li were the first to employ NC-CC in a multi-
source single-destination network. Their focus was to develop
coding mechanisms that could be used by the source nodes
to cooperate with each other. In [14], Peng et al. considered
a network with a single relay node and multiple source-
destination pairs, and studied the outage probability of the
entire network when NC-CC is employed. Sharma et al. [15]
also considered a network with a single relay node and mul-
tiple source-destination pairs, and derived achievable rate for
individual session under NC-CC. Xiao et al. [20] considered
a two-source single-destination network and showed that NC
can help CC reduce packet error rates. In [21] and [23], the
NC-CC framework was limited in exploiting NC only in case
of bi-directional traffic and by using a single relay node.
We have shown in this paper that NC-CC is beneficial in



unidirectional traffic as well, and multiple relay NC-CC can
be significantly better than single relay NC-CC. As a result,
limiting the work to bi-directional traffic only and the use of a
single relay node limits the potential gains of their approach
in an ad-hoc network. In fact, a common limitation of all
these prior efforts is the use of only a single relay node. As a
result, they could not benefit from any performance gains that
can be offered by multiple relay nodes. NC-CC with multiple
relay nodes was first explored by Sharma et al. in [17], where
they showed that a proper choice of a group of relay nodes
could have a significant impact on NC-CC’s performance.
However, the problem on how to group sessions, relay nodes,
and match them together remains open. This paper is the first
attempt to address this important problem.

VI. CONCLUSIONS

NC-CC is a new research direction in CC. As a result,
fundamental results in this area remain lacking, particularly
at the link layer and above. The goal of this paper was to fill
in this gap by offering new results on NC-CC. By studying
a network optimization problem, we developed new under-
standing of NC-CC in multiple dimensions such as session
grouping, relay node grouping, and matching of session/relay
groups. We presented a polynomial time heuristic algorithm
to this problem. Using simulation results, we showed that
the proposed algorithm is highly competitive and can offer
near-optimal results.
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